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Pure mathematics is the worldôs best game. It is more absorbing than chess, more of a gamble 
than poker, and lasts longer than Monopoly. Itôs free. It can be played anywhere - Archimedes did 
it in a bathtub. 
 
Richard J. Trudeau, American mathematician  
 
 
 
It is impossible to be a mathematician without being a poet in soul. 
 
Sofia Kovalevskaya, Russian mathematician  
 
 
 
There is nothing as dreamy and poetic, nothing as radical, subversive, and psychedelic as 
mathematics. 
 
Paul Lockhart, American mathematician and teacher  
 
 
 
The game I play is a very interesting one. It's imagination, in a tight straightjacket. 
 
Richard Feynman, American physicist  
 
 
 
The only way to learn mathematics is to do mathematics. 
 
Paul R. Halmos, Hungarian -American mathematician  
 

 

 

 

 

This eBook is dedicated to 

  

Rob and Jenny,  

for making the world a simpler, kinder and more beautiful place. 
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List of headings within Risp Musings 

Introduction  
 
Why óRich Starting Points?ô    Who is the risps eBook aimed at?  
 
Isn't this an old idea under a new acronym?    
 
Doesn't the acronym 'risp' exist already?   Are all of these risps original?   
   
How does using risps affect exam results?   Is everything in this eBook true?  
   
Can I use this material as I like?    Risps: the legal side    
   
Types of risp       How to write/choose a risp   
   
How might a risp fit into a lesson?    What might happen after the risp?  
   
How much time would you give to a risp?  
 
óWould you sow mathematics without ploughing first?ô 
 
Using a risp: what can go wrong...  

 

¶ óIt's too difficult!ô 
 

¶ óI love it when my students are investigating for themselves...ô 
 

¶ óHow should I present this risp?Ω 
 

¶ óThe algebra is getting horrible here...ô 
 

¶ óI am not confident with the maths on this one...ô 
 

Risps and Technology  
 

Associated Computer files     Security advice  
 

Risp sites        Risp books  
 

Thanks toé       About the author   
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Risp 1: Triangle Number Differences 
 

Excel file  risp -1.xlsm available at www.risps.co.uk  

 
Level 1:  What do we mean by óprime  numberô?  

And ótriangle  numberô? 
 

Level 2:  Pick two whole numbers a and b with a > b,  

both between 1 and 10 inclusive. 

 

Say that Tn is the nth
 triangle  number. Find Ta and Tb. 

What is the difference between Ta and Tb?  

Is this a prime  number? 
 

 
 

Level 3:  When is the difference between  
two triangle  numbers a prime  number? 

 
Level 4:  When is the difference between  
two square numbers a prime  number? 

 
Level 5:  When is the difference between  

two cube numbers  a prime  number? 
 

Level 6:  When is the difference between  
two fourth powers  a prime  number? 

 

        

http://www.risps.co.uk/
http://www.risps.co.uk


11 
 

Risp 2: Sequence Tiles  

Level 1 : Arrange some or all of these tiles  to define a 
sequence  for n Ó 1 in as many different ways as you can. 

 

Level 2 : How do these different sequences  behave? 

Try to create as many different behaviours as possible.  

Level 3 : What happens if we add in the following tiles : 

 

You may need to add in some starting values for u1 and u2. 

Level 4 : Are there other tiles  you can add in 
to get other types of sequence ? 

 

       

http://www.risps.co.uk


12 
 

Risp 3: Brackets Out, Brackets In  

Level 1:  Pick three different integers 
between ï4 and 4 inclusive (0 is not allowed! ) 

Replace the three squares below  
with your three numbers in some order (no repeats! ) 

 

How many different orders are there? 

Level 2:  Write down all these expressions, 
multiply them all out, 

then add all the results together. 

Level 3:  Take this sum ï can you factorise it?  

Compare notes with your colleagues  
once you have tried to do this.  

Do you notice anything?  

Level 4:   
Can you make any conjectures based on this? 

Can you prove these?  

Does it matter what your starting choice of numbers is? 
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Risp 4: Periodic Functions  
 

Level 1:  Write down a periodic function ... 
Now another...  Now another... 

Can you make your functions significantly different each time?  
 

Level 2:  Can you write down a periodic function  with period 10?  

And another?  And another? 
 

Level 3:  How would you define a óperiodic functionô? 
What do you mean by óthe period of a periodic function ô? 

 
Can you place a suitable function into each of the eight regions below? 
Note that f(x) is an odd function if and only if f(ïx) = ïf(x) for all x.  

(For example, f(x) = x3 is an odd function ).  
 

 
 

Level 4:  If you add two periodic functions ,  
do you always get a periodic function ? 

 
Given a periodic function  f(x), call its period 'per (f(x))'. 

Pick two different prime numbers p and q. 

If per (f(x)) = p, and per (g(x)) = q, what is per (f(x) + g(x))? 

 
Level 5:  Suppose that f(x) and g(x) are periodic functions . 

Are the following statements always true, sometimes true or never true? 
 

1. per(f(x)  ³  g(x)) = per(f(x))  ³  per(g(x)) 

2. per (kf(x)) = k per(f(x))  where k Í 0. 

3. per (f(x) + g(x)) = per (f(x)) + per (g(x)) 
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Risp 5: Tangent through the Origin  
 

You will need access to a graphing p rogram . 
 

Level 1:  Pick any number a with 0 < a < 5. 
 

Using your graphing program,  
draw the graph y = x2 + a2 (call this curve C). 

 
Add the line y = kx (call this line L) to your page. 

 
Level 2:  Now vary k > 0 with the constant controller/slider. 

  
For what value of k does L touch C? 

 
Level 3:  Try this for various values of a.  

 
How are a and k related? Can you make a conjecture? 

 
Level 4:  Can you prove your conjecture? 

 
Level 5:  Can you (in terms of a)  

calculate exactly where L and C touch?  
 

Level 6:  Now pick any value for a, and any value for b. 
 

For which values of k does y = kx touch y = x² + bx + a²? 
Where is this touching point?  
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Risp 6: The Gold and Silver Cuboid  
 

You will need access to a graphing program.  
 

Level 1:  Put the equation y = 8x³ ï px² + qx ï r  

into your graphing program. 

Now adjust p, q and r using the constant controller/sliders. 

Can you find positive values for p, q and r so that  

the equation y = 0 has three positive solutions a, b and c? 

 

Level 2:  Note down your values for p, q and r,  

and your values for a, b and c, to at least 4 s.f. 

Sketch on paper the cuboid  with sides 2a, 2b and 2c. 

Find V (= volume), S (= total surface area)  

and E (= total edge-length) for this. 

 

Level 3:  Can you find a connection between p, q and r and V, S and E? 

 
Can you prove this will always work? 

 

 
 

Level 4:  A cuboid  uses exactly 10 cm of silver edging for its edges 

and exactly 3 cm² of gold paint to cover its surface area. 

 

What is the maximum V can be, 

and what are the sides of the cuboid  in this case? (to 3 s.f.) 

 

Level 5:  What is the minimum V can be, 

and what are the sides of the cuboid  in this case? (to 3 s.f.) 

 

       

http://www.risps.co.uk


16 
 

Risp 7: The Two Special Cubes  
 

You will need access to a graphing program.  
 

Level 1:  An arithmetic sequence  is one where the terms un increase by  

a constant amount as n increases. For example, 2, 5, 8, 11, 14, é 

 

We say three numbers a, b and c are in arithmetic progression   

if they are three consecutive terms from an arithmetic sequence .   

Show a, b and c are in arithmetic progression  Ú a + c = 2b. 
 

Level 2:  You are presented with two cubes, 

one of side x cm, the other of side y cm. 

 

 
 

V is the total volume of the two cubes (in cm3), 

S is the total surface area of the two cubes (in cm2), and 

E is the total edgeïlength of the two cubes (in cm). 

 
You are given that taken in some order 

the numbers E, S and V are in arithmetic progression . 

(This is why the cubes are special!) 
 

What is the maximum possible value for y? (To 2 d.p. ) 

 

Level 3:  If y takes this value, then what is x? (To 2 d.p.)  
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Risp 8: Arithmetic Simultaneous Equations  
 

1, 3, 5, 7, 9, 11.... 

ï16, ï5, 6, 17, 28, 39... 

78, 76, 74, 72, 70, 68... 
 

Each of the above sequences is called ARITHMETIC;  
the next term differs by a constant amount  

from the term before it.  
 

Level 1:  Pick six consecutive terms  
from an arithmetic sequence , 

and place them in order into the squares below. 
Keep your  numbers simple to start with!  

 

 
 

Level 2:  Now solve the pair of simultaneous equations  
youôve created. What do you discover? 
Compare notes with your colleagues. 

  
Level 3:  Can you make a conjecture? Can you prove it? 
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Risp 9: A Circle Property   
 

You will need access to graph paper and compasses. 
Geogebra file risp-9.ggb available at www.risps.co.uk  

 

Level 1:  Pick a number a (let's say as an example,  a = 12). 

 

Now pick four further numbers, let's call them p, q, s and t,  

so that p and q multiply to a, and s and t multiply to ïa. 
 

Then create the points (p, s) and (q, t). 
 

So for our exampleé. 
 

 
 

Copy this diagram and write in your own values  for your value of a . 
The more  different diagram s around the class, the better . 

 
Level 2:  Now choosing suitable axes on graph paper,  

plot by hand the point A = (p, s) and the point B = (q, t).  

Using compasses, draw the circle that has AB as diameter. 

 
Do you notice anything unusual about your circle? 

 
Compare your circle with those your colleagues have drawn.  

What do they all have in common?  
 

Level 3:  Can you find the equation of your circle? Does this confirm your findings? 
Does using the Geogebra file help you here?  

 

Level 4:  What happens if you change your starting number a? 

Can you make any conjectures? Can you prove them? 
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Risp 10: Venn Diagrams  
 

 
Can you find a pair of lines  

for each of the eight regions above? 

 
 

 
Can you find a quadratic equation  

for each of the eight regions above? 
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Risp 11: Remainders  
 

The remainder theorem  says that if f(x) is a polynomial, then 

f(a) is the remainder when f(x) is divided by (x ï a). 
 

So if f(x) is x2 ï 14x + 2, we get a remainder of f(3) = ï31  

when we divide f(x) by (x ï 3).  
 

Note f(x) = (x ï 3)(x ï 11) ï 31.  

 

Level 1:  Pick any two integers, call them a and b, so that a ï b > 12. 
 

Example: 20 ï 4 = 16. 
 

Now pick any polynomial expression f(x) with integer non-zero coefficients. 

 

Example: 3x2 ï 2x + 4. 
 

A quadratic or cubic to start with...  
 

Level 2:  Whatôs the remainder when you divide f(x) by x ï a? 

[Call this Ra]. 

 

Our example  gives  Ra = 1164. 

 
Whatôs the remainder when you divide f(x) by x ï b? 

[Call this Rb]. 

 

Our example  gives  Rb = 44. 

 

Whatôs the remainder when you divide Ra ï Rb by a ï b? 

 
Level 3:  Can you make a conjecture here? 

Can you test this?  Can you prove it? 
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Risp 12: Two Repeats  

In an idle moment, 

Luke picked two numbers x and y with 0 < x < y < 1. 

He wondered how to combine these simply, 
so he wrote down the numbers: 

x + y, xy, x/y, y/x, x ï y and y ï x. 

He realised to his surprise 
that he had written the same number down twice. 

To his further surprise, 
he noticed he had written a second number down twice. 

What were his starting numbers? 
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Risp 13: Introducing e 
 

You will need access to a graphing program. 
Excel file risp-13.xlsm available at www.risps.co.uk  

 
 
 
 
 
 

Level 2:  Pick a number between 0 and 3, call it n. 

Draw the curve y = xn with your graphing package. 

 
Define k as the number where the area between your curve 

and the xïaxis between 0 and k is exactly 1. 

 
Find k for your chosen value of n to 3 d.p.  

 
Use the constant controller /slider  to help you!  

 
Level 3: Now vary n within the interval [0, 3]. As n varies, k varies.  

Draw up a table for n and k.  
What would a graph of k against n look like?  

What happens as n tends to infinity? Will there be any stationary points? 
 

Level 4:   
For what approximate value of n will k be a maximum? 

What range of values can k take as n varies? 
 

Level 5:  Can you use integration to explore this risp further? 
 

       

Level 1:  What do situations a. and b. and c. below have in common? 
 

a. Add random numbers between 0 & 1 together until the sum  exceeds 1. 

How many numbers do you need on average?  (See Excel file .) 
 

b. Draw y = px together with its gradient function and vary p. 
 

c. Draw the graph of y = (1 + 1/x)x. 
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Risp 14: Geoarithmetic Sequences  
 

Excel file risp-14.xls available at www.risps.co.uk  
 

Level 1:  Pick two numbers between 0 and 1, call them a and b. 

Generate a sequence from these numbers as follows: 
 

1. Take a as the first term.  

2. Add b to this to get the second term.  

3. Multiply this by b to get the third term.  

4. Add b to this get the fourth term.  

5. Multiply this by b to get the fifth termé 
 

And so on... 
 

Level 2:  What are the first six terms of your sequence? 
What do you think will happen to the nth term as n gets larger? 

What if you change a? Change b? 

 
Excel or a brief program on a graphics calculator  

is useful at this point.  

 
Level 3:  What if we remove the restriction  

that a and b must be between 0 and 1? 

 
Level 4:  What different types of behaviour 

can a sequence like this exhibit as a and b vary? 

 
Level 5:  Can you predict what will happen  

for any given a and b? 
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Risp 15: Circles Or Not?  
 

You will need access to a graphing program. 
 

Level 1:  Type  x² + y² + ax + by + c = 0  

into your graphing package. 
 

Your package should make a = b = c = 1 by default.  

Set your graphing page to óequal aspectô,  
so circles display as circles.  

 
What do you see ï anything? 

 

Now increase a ï a circle appears! 

 

For what value of a does the circle appear?  

 
Level 2:  Now type into the same graphing sheet  

all the equations you can get by mixing up a, b and c. 
 

x² + y² + ax + cy + b = 0,  

x² + y² + bx + ay + c = 0... 
 

How many equations do you have in total? 
 

Level 3:  Vary the values of a, b and c. 
How many circles can you get? 

What decides how many circles you get? 
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Risp 16: Never Positive  
 

Level 1:  Write down a function that is never positive.  
Call such a function NP. 

 

NP means óeither negative or zero.ô  Write down another. And another... 
 

Level 2:  If you add two NP functions, is the result NP? 
If you subtract two NP functions? Multiply? Divide? 

 

Level 3:  Try to find a pair of functions (u(x), v(x)) for each region below. 
 

Note that u(x) and v(x) do not have to be NP.  
 

 
 

Level 4:  Pick two different functions from the bag below, 

and call them u(x) and v(x). 

 
Level 5:  Can you show f¡ (x) ³ g¡ (x) is NP  

for ALL functions u(x) and v(x)? 

 

        

Let Æ●
Õ●

Ö●
ȟ Ç●  

Ö●

Õ●
. 

Find f¡ (x) and g¡Ю(x).  

Show f¡ (x) ³ g¡ (x) is NP. 
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Risp 17: Six Parabolas  
 

You will need access to a graphing program.  
 

Level 1: Type the equation y = ax² + bx + c  
into your graphing package. 

 

Your graphing package should give a, b and  c the value 1.  
 

Now mix up a, b and c to give all possible orders. 
 

For example, y = bx² + cx + a is one possible order.  
  

You will get a further five equations. 
Type all six curves into your graphing package on the same page. 

 

Your graphing package should  plot y = x² + x + 1 each time.  
 

Level 2:  Now try varying a, b, and c using the constant controller/slider. 

If a, b and c are all different, you should have six different parabolas. 

Do these six parabolas have anything in common? 
 

Level 3:  Can you find a, b and c so that: 
 

1. all the lines of symmetry are to the left of the yïaxis? 

2. all the lines of symmetry are to the right of the yïaxis? 

3. all six parabolas have two solutions for y = 0? 

4. none of the six parabolas have a solution for y = 0? 

5. exactly one of the parabolas touches the xïaxis? 

 

Level 4:  What is special about the vertical lines x = 0 and x = ï1? 

Can you explain this? 
 

Level 5:  Show that if a, b and c are rational then any point  

where a pair of these parabolas cross has rational coordinates. 
 

       

  

http://www.risps.co.uk


27 
 

Risp 18: When does fg equal gf? 
 

Geogebra file  risp -18.ggb  available at www.risps.co.uk  

 
Level 1:  Pick five nonïzero numbers a, b, c, d and e.  

 
Define f(x) = ax2 + bx + c, and g(x) = dx + e. 

 
If fg means óf composed with gô, so that fg(x) = f(g(x)), 

find fg(x) and gf(x) for your two functions. 
 

Level 2:  For your choice of functions,  
does fg(x) = gf(x) for any values of x? 

 
Level 3:  Can you think of any functions f(x) and g(x)  

so that fg(x) always equals gf(x)? 
 

Level 4:  Now define f(x) = px + q, and g(x) = rx + s,  

where p, q, r, s are nonïzero and p, r Í 1. 
 

If fg(x) always equals gf(x),  

what can you say about p, q, r and s? 
 

Can you interpret this geometrically? 
 

Level 5:  If a, b, c and d are non-zero and  

f(x) = bx

ax

+

+1
, g(x) = 

dx

cx

+

+1
, when does fg = gf for all x? 

 
Level 6:  Investigate other pairs of functions where fg = gf. 
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Risp 19: Extending the binomial theorem  
 

The task deals with real numbers throughout.  
 

Level 1:  Pick an odd number k, with 10 < k < 100. 
 

Take the numbers 1, ï1, and k, 
and place them into the squares below in some order (no repeats!)  

 
 

How many orders are there? Write down an expression for each order. 
 

Level 2:  Using the extended binomial theorem (if necessary),  

expand as far as the term in x2 for each expression. 

 
In other words, find the constant term,  

the term in x and the term in x2 (if there is one).  

 

Level 3:  For what values of x  

will all your expansions be valid at the same time?  
 

Level 4:  Now add your expansions together to give A + Bx + Cx2.       

 

What is  
═

║
▓? Will this always work? Can you prove it? 

 

Level 5:  Can you write C in terms of A and B?  
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Risp 20: When does Sn = un? 
 

Excel file risp -20.xls is available at www.risps.co.uk   
 

For Levels 1 to 5, n is a positive integer while  a and d are real numbers.  
 

Level 1:  Say Sn is the sum of the first n terms  

of the sequence u1, u2, u3,  ... 
 

When does Sn = un for the sequence 11, 9, 7, 5, ... ? 
 

Find all values of n (if any) so that this is true. 
 

Level 2:  Given an integer value for n > 1 and a value for a,  
can you always find a value for d so that  

Sn = un for the arithmetic sequence   

with first term a and common difference d?  

 

Level 3:  Given now an integer value for n > 1 and a value for d, 

can you always find a value for a so that  

Sn = un for the arithmetic sequence   

with first term a and common difference d?  

 
Level 4:  What if we look at the geometric sequence  

defined by its first term a and its common ratio r? 

When does Sn = un here? 

 
Level 5:  Experiment with other sequences/series: 

when does Sn = un? What if un is periodic ? 

 

Level 6:  Try the Fibonacci sequence : when does Sn = un? 

What happens if you extend this sequence for negative n? 

 

Level 7:  What if un is a polynomial function of n? 

 

       

http://www.risps.co.uk/
http://www.risps.co.uk


30 
 

Risp 21: Advanced Arithmogons  

Fill in the empty rectangles and circles.  
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Risp 22: Doing and Undoing  
the Binomial Theorem  

 
Level 1:  Pick three different positive numbers  

for a, b and c, where b Í ac.  

 
Consider the binomial expansion 

 

╪● ╫

● ╬
▬ ▲● ►● Ễ 

 

Find p, q and r for your choice of a, b and c. 

 
Level 2:  Pick three new positive numbers  

for p, q and r. 

 

Find a, b and c for your choice (if such values exist). 

How many possibilities are there for (a, b, c)? 

 
Level 3:  

 

For what values of x are your expansions valid? 

 
Level 4:  What happens if your starting numbers  

can be negative? 
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Risp 23: Radians and Degrees   
 

You will need access to a graphing program.  
 

 
Level 1:  Amy was working on a problem  

using degrees  to measure angles.  
 

She needed to calculate the sine of an angle that 
 she knew was between 45o and 50o. 

 
Unfortunately... 

Amy had forgotten that her calculator was in radians  mode. 
 

Fortunately... 
her calculator still gave the órightô answer (to 5 s.f.). 

 
What was the angle? 

 
Level 2:  Whatôs the nearest angle to this one (to 5 s.f.) 
that gives the same sine in degrees  or radians  AND 

the same cosine in degrees  or radians ? 
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Risp 24: The 3ïFact Triangles  

Level 1:  A 3ïFact Triangle  is one 

where exactly three of the following facts are true. 
 

1. One side is 3 cm.  
2. One angle is 90o. 
3. One side is 4 cm. 
4. One angle is 30o. 

 

How many 3ïFact triangles  are there? 

 
Level 2:  Find the area and perimeter  for each one. 

 

Level 3:  Rank the 3ïFact triangles youôve found  

in order of size for area = A, and for perimeter  = P. 

 

Level 4:  Calculate P/A  

for each of your triangles. 
  

Level 5: Now calculate P2/A  

for each of your triangles.  
What might this be seen as a measure of?  

 
Level 6:  Which is the more helpful thing to calculate,  

P/A or P2/A?  
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Risp 25: The Answer's 1: What's the Question?

  

Rotating y = axn between 0 and 1 about the xςaxis gives volume V1. 

Rotating y = axn between 0 and a about the yςaxis gives volume V2. 

If V1 ï V2 = 1, find possible values for a and n.

 
 

 
The green area is 1 unit squared.  

Find possible values for m, c, p, q and r that might roughly fit this diagram.

 

 
The trapezium rule with five strips overestimates the area  

under this curve between x = 1 and x = 6 by exactly 1 square unit. 

The gradient of the curve is increasing over the interval [1, 6]. 
Find possible values for a, b, c and d. 
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Risp 26: Generating the Compound Angle Formulae  
 

You will need access to a graphing program.  
 Geogebra file risps -26.ggb available at www.risps.co.uk  

 

Level 1:  Pick two distinct whole numbers n and m between 1 and 10 inclusive. 
 

Write down the functions sin(nx), sin(mx), cos(nx) and cos(mx). 
Put these functions into the squares below in some order (no repeats! ) 

 

 
 

How many different y can you make? 
 

Level 2:  Draw each y using your graphing program;  

do you recognise any of these curves? 
 

For example, based on what youôve done, how will the function  

sin A cos B + sin B cos A simplify, would you guess? 

 
Level 3:  Now put your four functions into the squares below  

in some order (no repeats! ) 
 

 
 

How many different y can you make this time? 

 

Draw each possible y using your graphing program ï  

do you recognise any of these curves? 
 

Level 4:  From this, can you conjecture general connections between  

sin A, sin B, cos A, and cos B? Test these out: can you prove them? 
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Risp 27: A Parametric Curve 
You will need access to a graphing program.  

Level 1: Using a graphing program,  

draw the curve given parametrically by 

(x, y) = (t2 + t, 4at3 + (3a + b)t2 + bt). 

What curves do you get as you vary a and b?  

Level 2: If asked to name this family of curves,  

what name would you give? 

How often is 
▀◐

▀●
 zero for one of these curves? 

Find any such points. 

Level 3: Something unusual happens at one point; 

which point is this? Whatôs the value of t here? 

Can this point ever be on the xïaxis? 

Level 4: What happens if you graph 

(x, y) = (t2 + t, cubic in t) 

with a wider range of coefficients? 

Can you make a closed loop? 

Investigate  
▀◐

▀●
  and  

▀◐

▀●
 for your new curves. 
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Risp 28: Modelling the Spread of a Disease  
 

Excel file  risp -28.xlsm available at www.risps.co.uk  
 

Level 1:  A population is threatened by an infectious disease. 
 

Imagine that the population splits into two groups,  
the infected  and the healthy . 

 

Each year, the probability that a healthy person catches the disease is c, 

and the probability that an infected person recovers  is r. 
 

Initially weôre going to model what happens to 10 people  

over a period of 10 years. 

Let x = proportion of population that are infected . 

 

Weôll start with 8 healthy people and 2 infected people,  

so at the start x = 0.2 (Year 0 on our Excel  list is 8 Hs and 2 Is). 
 

Weôre going to assume that noïone in our list dies over this 10 years  

(for any reason, including this disease).  
 

For each person for each year we will get Excel  to órollô a sixïsided die. 
 

If Excel  rolls a 1 or 2 for a healthy  person,  

then they become infected  that year (c = 1/3). 
 

If Excel  rolls a 1 for an infected person ,  

then they recover that year (r = 1/6). 
 

For everything else, there is no change. What happens as we run Excel Sheet 1? 
 

Level 2: Can you model this situation with a differential equation? 
Can you solve this? 

 

Level 3:  We can now ask Excel Sheet  2  

to repeat our Level  1 exercise for 1000 people. 

(still with x = 0.2 at the start.)  

What happens if we plot a graph of x against time? 

What happens as t = time tends to infinity? 
 

Level 4:  Can you model this situation with a differential equation  

for the general case for c and r (still with x = 0.2 at the start)? 

Can you solve this? What happens to the solution as we vary c and r? 
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Risp 29: Odd One Out  
 

For each triplet, try to think of ways  
in which each member could be the odd one out. 

 

For example, given the triplet 2, 3, 9: 
 

2 could be the odd one out because it is even,  

and the others are odd.  
 

3 could be the odd one out because it is the only triangle number.  
 

9 could be the odd one out because it is composite,  

and the other s are prime.  
 

Triplet 1:  sin x, cos x, tan x 
 

Triplet 2:  ex, ln x, x2 

 

Triplet 3:  ã2i, i + j, (1 - ã2)i + j 
 

Triplet 4:  cos(2x), sin(2x), cos x + sin x 
 

Triplet 5:  x, x2, x3 

 

Triplet 6:  (cos t, 1 + sin t), (t, t2 + 3), (t, 3t) 
 

Triplet 7:  ã2(1 - 2x)2, (1 + 2x) -1, (2 - x)1/2 

 

Triplet 8:  sec2x, -1, tan2x 
 

Triplet 9:   i,  i . j,  i . j . k  
 

Triplet 10:  

r  = i + a j,   r = b(i - j),  r = k + c(j - i) 
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Risp 30: How Many Differential Equations?   
 

You will need access to a graphing program. 
 

Level 1:  Pick four distinct whole numbers bigger than 1,  

and call them a, b, p and q. 
 

Write down the expression ax² ï ax + b.  
Call this Expression 1. 

 

Differentiate Expression 1 with respect to x.  

This gives Expression 2. 
 

Expression 3 is py + q. 
 

Place Expressions 1, 2 and 3 into the squares below  

in some order (no repeats!)  

 
Level 2:  Find the general solution  

for each differential equation that you can make. 
 

Level 3:  You are given the additional information  

that (0, 0) lies on every Level 2 solution. 

 

Show that (1, 0) also lies on every Level 2 solution. 

 
Level 4:  Check your particular solutions  using a graphing program .  

Are (0, 0) and (1, 0) on each curve? 
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Risp 31: Building Log Equations  
 

We are working throughout with real numbers here.  

 
Youôre given ten cards,  

where a, b and c are all positive numbers not equal to 1. 
 

 
 

Level 1:  Arrange some or all of the cards into an equation 
that obeys the rules for mathematical grammar. 

 

The boxes should sit in a line,  
and you have to include at least one 'log' card!  

 

In how many ways can you do this? 
You can include brackets to make your equations clearer.   

 
Level 2:  For each equation, 

say if it is always true , sometimes true  or never true , 

given the possible choices for a, b and c. 
 

If the equation is sometimes true , give  

¶ an example where it works, and  

¶ one where it doesn't. 
 

If the equation is always true  or never true ,  
try to say why. 
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Risp 32: Exploring Pascal's Triangle  
 

Excel file  risp -32.xlsm available at www.risps.co.uk  

 

 
Level 1:  What do you make of the following argument? 

 
óWe know that 5C2 is 10, and 5 times 2 is 10.  

So nCr must be equal to n times r.ô 
 

Level 2:  Are there any other (n, r) pairs  

that give nCr = nr? 

 

Level 3:  When is nCr closest to being nr? 
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Risp 33: Almost Identical  
 

A flexible chain suspended from two points will hang in a catenary.  
 

 
 
 
So how close is a parabola  to being a catenary ? 

 
 

 
 

Level 3: What if we ask the same questions  

when the parabola  goes through (0, 1) and (±p, cosh p),  

where 0 < p < 1? 

 
Level 4: Suppose the catenary and the parabola  

both go through (0, 1) and (±10, cosh 10)? 
How close is the fit now?   

 

       

  

The equation of the catenary  on the left 

is ◐ ÃÏÓÈ ●
▄● ▄●

 . 

 

The curve is symmetrical in the yïaxis 

and has a minimum at x = 0, y = 1.  

 
It was once thought that a catenary  and 

a parabola  were the same curve,  
but this was eventually seen to be untrue.  

 
 

Level 1:  Suppose our parabola  goes through  

(±1, cosh 1) with a minimum at (0, 1).  
 

Which xïvalue sees the largest yïvalue difference 

between the parabola and y = cosh x over the 

interval [ï1, 1]? 

 

Level 2:  Which xïvalue sees the largest  

% yïvalue difference between the two curves? 

 
 

http://www.risps.co.uk
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Risp 34: Graphing Tiles  
 

You will need access to a graphing program.  
 

Level 1:  You are given the following five tiles,  

where c is a number than can vary. 

 
How many sensible equations can you make  
by using some or all of these? (No repeats!)  

The tiles must lie on a straight line:     is not allowed.  
 

Enter your equations into your graphing package. 
 

It will give c the value 1 to start with.  

 

Level 2:  Now alter c using the constant controller/slider. 

 
Are there any lines of symmetry  

for any of your curves? 
 

A straight line can count as a curve.  
 

Level 3:  Can you find a value for c so that three of your equations 

give straight lines that enclose an equilateral triangle? 
Whatôs its area? 

 
Level 4:  Can you find a pair of equations representing curves that touch? 

Where do they touch? 
 

Level 5:  Make up a question about this graphing situation  
that you can challenge a colleague withé  
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Risp 35: Index Triples  
You will need access to a calculator  and a graphing program .  

f  = 1.618033989... 

e  = 2.718281828... 

ˊ  = 3.141592654... 
Level 1:  How many different numbers can you make by replacing the 

squares in the image below with f, e and  ́in some order? (No repeats!)  

 
Level 2:  Without using a calculator,  

try to place these numbers in order of size. 
 

Level 3:  If k = 
ἴἩἺἯἭἻἼ ἷἮ ἼἰἭἻἭ ἶἽἵἪἭἺἻ

ἻἵἩἴἴἭἻἼ ἷἮ ἼἰἭἻἭ ἶἽἵἪἭἺἻ
, 

 

to which of these powers of 10 would you guess k is closest? 
 

1, 10, 100, 1000, 10 000 
 

Now check your answers with a calculator. 
 

Level 4: Can you find three distinct numbers a, b, c so that 

? 
Level 5: Can you find three distinct numbers a, b, c so that 

? 
Level 6: How many of the following six numbers can be equal 

if a, b, c are all distinct? 
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Risp 36: First Steps into Differentiation  
 

You will need access to a graphing program.  
 

Level 1:  Open your graphing program and draw the curve y = x². 
Now add the straight line y = mx + c. 

 

Initially both  m and c will take the value 1, and the straight line will be y = x + 1. 
 

Using the constant controller/slider, adjust m to your chosen value. 
Now adjust c until y = mx + c touches the curve. 

 

 
 

Level 2:  Repeat this several times. Can you see a relationship between m and p? 

If you were to plot m (= y) against p (= x), 

what would be the equation of this graph, in the form y = f(x)? 

 We call f(x) the gradient function of x². 
 

Level 3:  Now repeat the above, starting with y = x3. 

Whatôs the relationship between m and p this time? 

 

You could  plot the points (p, m) from  your  table onto a  graphing program  page. 
 

Whatôs the gradient function of x3? 
 

Level 4:  Suppose we start with y = x1
; whatôs the gradient function of x1? 

Suppose we start with y = x0
; whatôs the gradient function of x0? 

 
Level 5:  Put your results into the table below. Can you predict how the table will continue? 

 

 
 

       

Zoom in to find the value of p. 

We are not interested in  c here!   

 

Record your values for m and p  
into a table like the one below. 

http://www.risps.co.uk
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Risp 37: Parabolic Clues  
 

You will need access to a graphing program.  

 

Your task is to deduce the values of a, b and c 

for the parabola y = ax2 + bx + c. 
 

There are four clues below to help you 
(that may or may not be true): 

 

1. The yïintercept is (0, 13) 

2. The curve goes through (3, ï2) 
3. The curve has a turning point at (2, 5) 

4. The line of symmetry is x = 1. 
 

Itôs impossible for all four clues to be true together. Why?  
 

Level 1:  Which combinations of three or fewer  
clues enable you to identify  

exactly what a, b and c must be? 

 
Level 2:  Find the resulting parabola for each such 

combination. 
 

Level 3:  Check your results by drawing your graphs  
using your program. 
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Risp 38: Differentiation Rules OK  
 

Level 1:  You are given six cards: 
 

 
 

If you haven't seen  exp before,  

the function  exp(x) is identical to  ex. 
 

In how many ways can you place them ALL  
into an equation that makes sense? 

No repeats and none left over!  
 

The cards must all lie on a horizontal line ;  

is not allowed!  
 

Level 2:  For each equation, 

 find y', and the value of y' when x = 1. 

 

How many different y'(1) values can you find? 

 
Here y'(1) is  the value of y'(x) when  x = 1. 
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Risp 39: Polynomial Equations  
with Unit Coefficients  

 
You will need access to a graphing program.  

 
Consider equations of the form  

   

xn = xnï1 + xnï2 + xnï3 ... + 1 

 

where n is a positive integer.   For example: 

 

x4 = x3 + x2 + x + 1 

x7 = x6 + x5 + x4 ... + 1 

x12 = x11 + x10 + x9 ... + 1 
 

Level 1:  How many real roots would you guess these equations have? 
 

Level 2:  Given  f(x, n) = xn ï xnï1 ï xnï2 ï xnï3 ... ï 1, 

 

draw y = f(x, n) in a graphing program for small positive integer n. 
 

What happens to the curve as you vary n?  

 
Level 3:  Are there any points common to all the curves? 

 

Level 4:  Can you see the roots to f(x, n) = 0? 

 
Can you find these approximately from your graphs? 

 
Level 5:  How could you find these roots accurately? 

 

Level 6:  What happens to the roots of f(x, n) = 0 as n tends to infinity? 
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Risp 40: Perimeter Ratio  
 

You will need access to a graphing program.  
 

 
 

Set up axes with the origin at R.  

 

Level 1:  Whatôs the equation of the locus of Q? 

What does this curve look like? 
 

Level 2:  Whatôs the maximum possible value  

for the area of triangle PQR? 

 

Now Q moves so that the perimeter of the red  triangle  

is k times that of the blue , where k Í 1. 
 

Level 3:  Whatôs the equation of the locus of Q now? 

What does this curve look like as k varies? 

Whatôs the range of values for k that give a curve at all?  

 

Level 4:  Whatôs 
!ÒÅÁ ÏÆ ╢╠╡

!ÒÅÁ ÏÆ ╢╠╟
? 

  
Level 5: Whatôs the maximum possible value  

for the area of triangle PQR when k = 2? 

 

        

RS is 2 units, SP is 1 unit. 

 

Q moves so that the  

perimeter of the red triangle  
is equal to that of the blue . 
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Risp Musings  

Rich:  pregnant with matter for laughter. 

Starting:  making a sudden involuntary movement, 
as of surprise or becoming aware. 

Point:  that without which a joke is meaningless or ineffective. 

Chambers Twentieth Century Dictionary

 

Rich:  productive, fertile. 

Starting : beginning, setting out. 

Point:  place or station. 

Chambers Twentieth Century Dictionary

 

Introduction  
 

Back in 2005, I was working as a maths teacher at Paston Sixth Form College in Norfolk. Surfing 
the net one morning, I came across an announcement concerning Gatsby Teacher Fellowships. 
Apparently the Gatsby Foundation (run by the Sainsbury family) made a number of fellowships 
available each year to classroom teachers. Which teachers? Those who wanted to conduct a 
sufficiently interesting curriculum experiment with their students over the course of one academic 
year. Each fellowship came with a healthy budget attached. The application procedure was 
admirably simple: an A4 page of introduction, an A4 page outlining the proposed project, and an 
A4 page regarding the finances.  
 
Not long afterwards I made my way to Gatsby HQ in Victoria for an interview. At that stage I 
offered as my project RSPs (Rich Starting Points) - I thought this sounded like a good acronym. 
 
óBut an acronym has to be a word,ô quibbled my friend Bernard when I ran it past him.  
 
óOkay, letôs make it ñRisps,ò ô I replied. Gatsby gave me the thumbs up, and I got to work.  
 
As a part-timer, Wednesday was my day off. Every week I used it to add another risp to my slowly 
growing website. Iôd been able to trial each of these with my students, so what I was posting was 
effectively a second draft. By the end of my Gatsby year I had forty tasks up and running, and the 
good news was that people were finding them useful. 
 
What was my aim? I suspected (possibly unfairly) that much work in A Level Maths classrooms 
was fairly routine, a diet that bordered on:  
 

¶ Lecture/Exposition, followed by  

¶ Examples, followed by  

¶ Exercises, that consisted of the same examples with the numbers changed.  
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Iôve heard this described as óXXX maths teaching ô. This wasnôt why Iôd gone into the profession. I 
loved exploring nice maths problems for myself, generalizing, conjecturing, proving, solving. That 
was how Iôd really learnt the subject, taking on maths that had meant something to me, and I felt 
my students might learn best in the same kind of way. There was a time and a place for more 
routine work, I knew, where understanding could be consolidated into a worthwhile structure, but I 
felt investigative work would always be for me the key activity. Thatôs what real mathematicians 
did. 
 
As I type now in 2025, the world of work looks to be precarious. The power of AI is only beginning 
to be felt, and its implications for the future workplace can only be guessed at. People talk of 
having at least three substantial careers across their lifetime. Whatôs certain is that this workplace 
will need people with curious, flexible, problem-solving minds that are able to adapt creatively to 
whatever they are faced with. Students who like to be spoon-fed, who find open tasks threatening 
and who donôt want to try anything that the teacher hasnôt effectively led them through by the hand 
already might find this new kind of workplace uncongenial. These students need to be encouraged 
to be brave. Itôs in this spirit that these risps are offered to you; the mindset they require is going to 
be vital in the years to come.   

Why óRich Starting Points ô? 

This is something of a zeitgeist phrase (hopefully it hasnôt yet become a cliche). Itôs one with great 
cross-curricular potential; this is what happened when I searched the Internet for óRich Starting 
Pointô in 2005... 

Aeronautics:  
Climbïout test: From a rich starting point, lean the engine 

until the full climbïout has the engine slightly accelerating the blades... 

Theology:  
The act of being personal becomes a particularly rich starting point 

towards the knowledge of God... 

Music:  
It is this sort of action, outwardly clear but made up of infinitely complex elements, 

that provides such a rich starting point for much of the music herein... 

Economics:  
A sustained bull market would have a tough time getting a foothold 

from such a historically rich starting point... 

Architecture:  
A spacious 1902 brick building provided a rich starting point 

for this restaurant on Jackson Square which the jury recognized for its use of... 

and similar examples could be found in the fields of: 
Theatre, Art and Design, Photography, Literature, Genetics, Anthropology,  

Geography, Information Technology, Biology, Social work, Psychology, Accounting...  
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Who is the risp e Book  aimed at ? 

Primarily those who prepare mathematics students for A level in the UK. 
 

A level is taken here by students who are generally between the ages of 16 to 18 .  
The top grade is an  A*. For A level Mathematics in the UK in 2025,  

42.6% of male entrants and 40.2% of female entrants achieved grades A* /A. 
Mathematics was the most popular A Level in the UK in 2025.  

 
If maths teachers in other countries, or maths students anywhere at any level, 

or teacher trainers, or anybody else find this eBook useful, then Iôll be delighted. 
 

This eBook will judged on whether it directly or indirectly 
touches real classrooms in a positive way.  

(Almost) every risp Iôve posted here has been tried in my classroom 
and refined in the light of this experience.  

Every risp here leads directly into UK A Level Mathematics topics. 
I hope these risps will enrich lessons 

without being tangential to the main business of the classroom. 
By and large, if a risp does not practise key elements of the UK A Level syllabus, 

itôs not been included. 

 

Isn't this an old idea under a new acronym?  
 

The idea that mathematics teaching should include, indeed, should be based upon, 
open-ended, investigatory, problem-solving activities is as old as the hills. 

Hopefully Plato would like whatôs written here.  
But maybe the most obvious truths are sometimes the most easily forgotten. 

Iôm honestly not claiming to have invented the wheel here, 
but Iôm hoping this material will help people use wheels in new ways. 
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Perhaps some maths teachers have been less confident 
about using this type of work at A Level than they were at GCSE, 
falling back on more didactic methods for the 'advanced' material. 

My belief is that itôs no harder to construct and use this kind of open activity at A Level 
than it is with GCSE, Primary or University work. 

 
As for the acronym 'risp', I have a love-hate relationship (that's an 'lohar') with acronyms.  
Theyôre divisive: you either know what they mean (you're in) or you don't (you're out). 

But they can act as a useful gathering-point for peoples' thinking. 
I would invite you to live with the acronym 'risp' for now. 

Doesn't the acronym 'risp' exist already?  

Indeed it does: 

Reasonable Internet Service Provider 

Rhode Island State Police 

Robot for the Internal Servicing of Pipes 

Recoverable Interplanetary Space Probe 

Runners in Scoring Position  

Receiver Initiated Shortcut Path  

Maybe there's room for one more...  
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Are all of these risps original?  

As far as I know, these risps, or at least the way they are developed, are my creations. 
But the same thing has been discovered by different people independently 

so often in the history of mathematics that it would be a surprise 
if there wasnôt an overlap with the thinking of other mathematics teachers here. 

Maybe my unconscious will lead me to 
forget to attribute an idea that Iôve picked up from someone else. 

If you have a copyright worry about anything in this eBook, then please contact me here.  
http://www.s253053503.websitehome.co.uk/mydirr/complaint.html  

 

How does using risps affect exam results?  

Iôd say itôs possible to get decent examination results 
by drilling students efficiently on routine tasks without building much longïterm understanding. 

In such a case, Iôd guess that óknowledgeô wonôt be retained for long, 
and no one is likely to have enjoyed the process that much. 
Can students attain a deep and lasting understanding 

through working on investigative tasks and fail to do well in exams? 
I guess if the preparation for the examination itself is really disorganised 

then this might be possible, but surely a relaxed and flexible familiarity with the concepts 
and how they are linked together should normally carry over into any exam. 

 
You may run into an educator from time to time who claims that risp-like activity  

is the silver bullet for maths learning, enabling students to construct mathematical understanding  
much more swiftly and securely than via ótraditionalô methods. 

Ask such a person, óAre you still teaching in the A Level classroom? 
Can you demonstrate today the success of what youôre advocating?ô 

If the answer is óYes and yes,ô then listen to them carefully. 
But otherwise, be cautious. Itôs a lot easier to talk the talk than walk the walk.  

 
Effective risp teaching is much more demanding for the teacher than more ótraditionalô approaches. 

But then, itôs also much more engaging and memorable for everyone concerned. 
The hope is this - using risps skilfully leads to a fearlessness 

in all our students over mathematics that leads in turn to the kind of 
examination performance that every good classroom teacher must insist upon. 

http://www.s253053503.websitehome.co.uk/mydirr/complaint.html
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Is everything in this eBook true? 
 

Someone once told me that Matisseôs advice to artists was,  
óExaggerate in the direction of the truth.ô 

Itôs in this spirit that this eBook has been written.  
 

Can I use this material as I like?  

You are completely free to take the kernel of each risp idea, make it your own, and customise it for 
your own situation. Only you know your learners and the context in which you teach them. Thereôs 
a Word version of the 40 eBook tasks available on the Risps Download Page at www.risps.co.uk 
to enable you to copy, paste and customise tasks easily. If you do use a risp, Iôm always keen to 
get feedback on how it went (to know what goes wrong as much as what goes right!) If you wish to 
publish material from this site, please contact me.  
 
On that theme, thereôs a notice I have to includeé 
 

Risps: the legal side  

These materials were written by Jonny Griffiths as part of a Gatsby Teacher Fellowship made 
possible by funding from Gatsby Technical Education Projects (GTEP) 2005ï6. Responsibility for 
the materials lies with the author, and GTEP cannot accept any liability for the content of these 
materials or any consequences arising from their use.  

These materials are protected by copyright. You may use the materials freely for educational 
purposes, research and private study.  

If any institution wants to make this eBook available to its members via a network or shared drive, 
thatôs fine.  

Jonny Griffiths cannot be held responsible for any negative consequences arising from malicious 
editing of his files by others. 

Apart from the experiment outlined in Risp 1  Notes, AI  has not been used in the writing of this 

eBook (AI  may have been used to proof the text and check or suggest certain things). In the 

words of the Society of Authors, of which I am a member, this eBook is Human Authored. If there 

are AI  providers out there who wish to train their engines and models using this material, they are 

free to do so.   

Apart from the above, you may not for profit  reproduce or transmit this content in printed form 
without the written consent of the author. Requests should be emailed to Jonny Griffiths at 
hello@jonny -griffiths.net   All materials in this eBook are copyright Jonny Griffiths 2005ï2025.  
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Types of Risp  

A risp may be used in (at least) three ways: 

¶ to introduce a topic  

¶ to consolidate a topic  

¶ to revise a topic or a number of topics  

An introductory risp is specifically designed to give a pathway into new theory. The hope is that if 
students start to ask for themselves some of the questions that the theory is intended to answer, 
theyôll be better prepared for the exposition thatôs to follow. 

A consolidation risp provides good practice in the use of skills while attempting to answer some 
wider question. This type of risp assumes some relevant theory to have been previously studied. 
A consolidation risp will often be a good revision risp as well. 

A revision risp is akin to a consolidation risp, but is likely to be more synoptic, drawing together 
bits of theory from a range of topic areas. This means that careful consideration needs to be given 
over when to use such a risp - are all the required skills yet in place? 

The Notes generally begin with a suggestion about the most appropriate use for each risp. You 
are, of course, free to disregard this suggestion(!) 

How to write/ choose a risp  

What follows are my tentative suggestions: 

Everyone should be able to see the point of the initial question, and make a start, regardless of 
their prior technical knowledge. 

An element of student choice at the beginning of the exploration may be helpful: picking a number, 
or a curve, or an equation. Students will then hopefully take ownership of their example and will 
want it to ósucceedô. 

It should be possible to extend the risp, so that all students can stay interested in the situation. 
Less confident students should find the risp generates accessible and engaging material 
throughout, while stronger students should be able to ask harder and deeper questions as they get 
into the problem. In other words, differentiated learning should take place naturally. 

A risp should encourage fresh questions, divergent approaches, and open-ended thinking. 
A helpful risp will practice key mathematical skills indirectly, that is, the key skills are needed en 
passant to tackle the risp and are not simply practiced for their own sake. A good risp will stimulate 
curiosity in the student: what if I do this? 

A good risp is often synoptic, calling on the syllabus in its entirety, and rehearses insights and 
techniques that the student will not have practiced for a while. This encourages the formation of 
links between different parts of mathematics, which is a great aid to understanding. 

It will often be the case that a risp will find computing power helpful, perhaps as a labour-saving 
device. 
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How might a risp fit into a lesson?  

Hereôs how I tended to use risps in my teaching (I offer this more as a springboard for the 
imagination than as a strict formula). 

I explained to my students at the start of the year that I wanted them to be prepared to think hard 
about a fresh problem at the start of each lesson. They wouldnôt get too much initial help with 
these; they had to be ready to be creative self-starters from the word go. 

My students often came into my classroom to find a risp up on the board already, or a sheet 
waiting for them on their table. The risp needed to be clear enough so that students could get 
going straight away. Words of welcome ran alongside getting student minds into gear. 

Each risp from 1 to 40 is posed as a single page of A4 (except for Risp 21 ) which is hopefully 
convenient. The tasks can be printed off in black and white without any problem (the colour used 
within the eBook is for aesthetics only).  

After the initial admin, I visited those I considered at the time to be the less confident students. Are 
there words they didnôt understand? Are misconceptions emerging? (If so, good!) Could they see 
the point of the question? (If not, the risp needed to be refined.) Ideally the risp created an 
environment where students could freely discuss what they did and did not understand without 
feeling threatened. 

Now it was time for those I saw as the stronger students (membership of this group was open to 
change). Hopefully theyôd have negotiated the start of the risp with relative ease. Now was the 
time to challenge them with the tougher end of the risp, and to ask them to go beyond it. 

Letôs assume you have a full range of 'ability' in your class. It might split roughly into thirds: 
 

¶ those you see as likely to get A*ïA grades, 

¶ those likely to get BïC grades and  

¶ those likely to get DïU grades.  
 
A rough rule of thumb might be this: 

 

Which students you consider to be in which group may change topic by topic and as the year 
progresses. Indeed, the beauty of teaching with risps is that if you underestimate a student, it 
matters not; they can show you what they can do by working on the later parts of the risp. You 
donôt need to change the task to accommodate their change in confidence. 
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What might happen after the risp?  

Iôd end work on the risp with a plenary, gathering together whatôs been discovered in a whole class 
setting. This wasnôt a lecture (guaranteed to kill off student interest) but rather a joint construction 
of the theory that emerged from the risp. I called this phase of the lesson Whole Class 
Conversation. I was always aware of the need to improvise here. Although I had in mind the theory 
I wanted to head towards, each class required me to construct a different route to my goal. I could 
perhaps invite a student to address the class from the board. I tended to take notes on an 
interactive whiteboard while my students watched and contributed. 
 
Should students make comprehensive notes for themselves here? This often gave the illusion of 
useful work, but while note-taking they often cut out from thinking. Sometimes looking afterwards 
at notes my students had taken, I was shocked by how two or three slight errors rendered the 
notes near to useless. Mathematics is so concise a language that this can often happen. We 
arrived at a different solution. 
 
I could now introduce related new theory that the risp didnôt immediately address. I found that 
students quite happily accepted this part of the work with great concentration; the fact that they 
had been asked to think independently at the start of the lesson somehow legitimated this more 
teacher-centred part of the lesson. I saved these notes from the interactive whiteboard as a PDF 
and emailed this to the class later. Each student thus had a summary of the theory, to which they 
had contributed, that was unique to that particular class and that particular lesson. They could then 
engage with these notes by underlining, highlighting, linking and so on to make them their own.  
 
At this point a quick check on the new theory, maybe a handful of pretty basic questions, made 
sure that students had truly grasped the basics. Profounder consolidation followed. This didnôt 
automatically mean exercises from books; the kind of group work, often involving games, that the 
Standards Unit promoted in 2005 was potentially ideal. Consolidation exercises can be exploratory 
too. Homework, where students found themselves more on their own, would be a good time for 
more routine questions (finding a website with really good multiple choice questions that the site 
can mark for you makes a wonderful dent in teacher workload).  
 
I came to regard group work as the most important activity in my classroom. The level was always 
right; students discussed the work at their level. Every A Level Maths teacher will have had the 
experience of earnestly explaining something for five minutes to a silent group, only for a 
subsequent question from the floor to reveal that the explanation was way above heads ï it had 
been at the wrong level. That doesnôt happen with good group activity where everyone contributes.   
 
How to choose the groups is another question.  
 
óGet into groups!ô has the advantage of speed and simplicity, but you will get the same groups 
each time, and they will be friendship ones. Not so easy on the less popular members of the class, 
perhaps.  
 
How about, óIôm going to number you ï 1, 2, 3, 4, 1, 2, 3éô and then the 1s, the 2s and so on 
form groups? If people always sit in the same places, thené  
 
Or a teacher can plan groups in advance ï which leads to student conspiracy theories over how 
the choice has been made?  

http://www.risps.co.uk
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I was quite a fan of using an Excel spreadsheet live on the board to produce random groups  ï no 
conspiracy there.  
 
I did come across one piece of learning research comparing learning within two groups:  
 

¶ one of four friends, and  

¶ another of three friends with one óoutsiderô.  
 
The conclusion? The first group enjoyed the task more, but learned lessé 
 

How much time would you gi ve to a risp?  

Maybe for a full lessoné 

¶ one third risp,  

¶ one third exposition/teacher-led discussion followed by quick-check-questions  

¶ one third exploratory consolidation.  
 

But of course, every lesson is different. Itôs clear from the above that not a minute can be wasted. 
A good risp lesson has a decent velocity to it. A teacher might look at this and say,  
 
óIôd love to put open activities like risps into my lessons, but I just don't have the time.ô 

 
Iôd say that if your risp is carefully chosen and prepared, then it can motivate the theory that 
follows. This hopefully leads to more authentic understanding and if so, the risp was worth it. 
The following diagram might help: 
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This brings together a number of constructs from the literature. 

'Scaffolding' (Bruner, Wood and Ross, 1976)  

The act of being there as a student engages with a problem, 
and then allowing the student to build a structure for themselves with support, 

and then fading into the background once the structure is in place. 

'Seeïexperience ïmaster' (Floyd et al., 1981)  

Initial seeing by the student tends to be superficial, 
growing to a more engaged experience before moving to a mastery 

where the details become of less importance. 

'Manipulating ïGettingïaïsense ofïArticulating' (Mason, Johnston ïWilder, 2004)  

When beginning a task thereôll be a manipulation of objects, 
that could be physical, symbolic or mental. 

As the investigation of the task continues, a student finds 
that underlying patterns and relationships come into focus. 

When they truly own the task, theyôll be able to articulate what theyôve assimilated. 
 

       

óWould you sow mathematics without ploughing first? ô 

Teachingôs often compared in my mind with farming. Thereôs the rhythm of the agricultural year 
that matches the rhythm of the educational year; our annual exam results roughly equate with a 
harvest. But our lessons need to have a rhythm too ï ploughing, sowing, growth and reaping. 
What place does a risp have in the analogy? Farmers plough before sowing. A farmer who skips 
such a thing is akin to the teacher who launches straight into unmotivated theory at the start of a 
lesson, only to experience their students as stony ground. Using a risp prepares the seedbed, 
stirring up the group and inducing a receptivity. Students take a while to get used to this, but when 
they do, there are significant benefits. 

Using a risp: what can go wrong...  

óIt's too difficult! ô 

Itôs often said that teachers tend to have expectations of their students that are too low. If Iôm being 
honest, a common problem I ran into with a risp was having immediate expectations of my 
students that were too high. This delicate balance between believing your students can one day 
achieve great things in mathematics, and knowing what itôs realistic to expect of them in this 
particular lesson on this particular day, is well expressed in the quotation below. 
 
The most important feature of a task is that it contains some challenge without being overly taxing. 
That is, it does not appear to be trivial, nor does it appear to be beyond the learners' capabilities. 
Tasks which demonstrate to learners that they are capable of more than they can imagine can do 
wonders for building their confidence; on the other hand, tasks that have been 'suitably simplified' 
to be well within the learners' capabilities are likely to be seen by them as not worthwhile, and so 

http://www.risps.co.uk
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may demotivate rather than inspire. A great deal depends on the atmosphere of trust between the 
learners and the teacher. 

 
John Mason and Sue JohnstonïWilder,  

Designing and Using Mathematical Tasks, Open University, 2004 
 
In my experience, students were far more likely to complain a task was too hard than too easy. 

óI love it when my students are investigating for themselves... ô 

Years ago one of my collegeôs feeder schools had a maths teacher who taught everything through 
investigations. He was popular, his students loved his lessons, but exam results at the end of the 
year were terrible. Can a teacher become carried away as their class descends into a risp? Can 
this engrossment become an end in itself, overriding all concerns of the syllabus, the examination 
and the scheme of work? Itôs intoxicating when your students get caught up in a risp - could this be 
a danger sometimes?  
 
The phrase 'teacher lust' has been coined to describe how a teacher may feel an overwhelming 
and unhelpful desire to explain everything for and to his students. Could there be such a thing as 
'risp lust', where a teacherôs so keen to allow his students to explore mathematics for themselves 
that they never really form a systematic collection of knowledge in their heads? 
 
Yes, I believe that the spirit of investigation should be alive and well in every mathematics 
classroom. But the results of that investigation need to be carefully built into lasting structures, 
or else our students will do nothing each lesson but make patterns on the sand that are washed 
away each night by the tide. 
 

How many rich tasks should a teacher be expected to do in a course? 
Probably more than most do now. 

Probably fewer than most will likely want to do in the future. 
 
Gary Flewelling with William Higginson, A Handbook on Rich Learning Tasks, 2001 

óHow should I present this risp? ô 

A tweak in approach can bring a question to life. Most commonly the shift from a closed question 
to an open question will accomplish this. But even open questions need to be presented in the 
right way. Itôs that final sprinkling of parmesan that makes the dish that little bit more exciting and 
which draws one in. 
 
Take Risp 1. The original version of this asked: 
 

When is the difference between two triangle numbers prime? 
 
As stated this is rather a closed question. Itôs also maybe unwelcoming for students. The word 
'prime' has to be attached to 'difference' which is a whole five words away. The phrase 'prime 
number' will be a lot more accessible to students than the adjective 'prime' on its own. They also 
need to recall the meaning of 'triangle number' at the same time. Is this just too dense and maybe 
even off-putting? 
 
After working with a couple of classes, the risp became this: 
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Pick two whole numbers between 1 and 10 inclusive, and call them a and b. 

Say that Tn is the nth triangle number. Find Ta and Tb. 

What is the difference between Ta and Tb ? Is this a prime number? 

When is the difference between two triangle numbers a prime number? 
When is the difference between two square numbers a prime number? 
When is the difference between two cube numbers a prime number? 

 
The first line is now a task that any student can accomplish. Every student immediately 
experiences a feeling of partial success on this problem that no one can take away! The second 
line leads students gently into algebra while testing their understanding of 'triangle number'. The 
next line asks for diagrams, which must be a good idea. Each step is essential and yet accessible 
too. Then comes the revision of the idea of a prime number, at which point everything is in place to 
make sense of the main question. This can then be opened out in a variety of ways. 
 
There are many times when Iôve come close to discarding a risp only to discover that a slightly 
different way into the question can revitalise it. 
 
I like this quotation attributed to John Mason: 
 

óThere are no rich tasks, only tasks used richly .' 
 

I guess thatôs what Iôm saying here. Itôs possible to kill the most curiosity-inducing of tasks with 
teaching that is unrich. But the rich teaching can be implied at least in part by the way the task is 
presented on the page.  

óThe algebra is getting horrible here... ô 

The textbook exercises that our students have grown up on are generally 'fixed' so that the 
numbers 'work out nicely'. This is not quite what happens in real life with mathematics, but it does 
have the advantage that students can concentrate on the skill theyôre meant to be learning or 
demonstrating without grappling with expressions that do not factorise easily, or with surds that 
refuse to simplify happily. When we ask our students to take on a risp, however, there are no such 
guarantees of numerical serendipity. They may well be choosing their own starting numbers, and 
given the openness of the problem, they may head off in all sorts of unexpected directions. A risp 
may have a simple solution with judicious early choices, but if students bark up Tree B rather than 
Tree A (the one that seems obvious to us as teachers) they may give themselves an algebraic 
headache. Risp 25 is a case in point:Ш 

 

Find possible values for m, c, p, q and r. 
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There are routes here that will end up in a blizzard of symbols. Some educationalists hate óhintsô  
or ósuggestionsô to maths questions in any shape or form, but the teacher here may decide that 
asking students to use the completed square version for the parabola is the right choice (it could 
cut down the algebra enormously).  
 
The onus is on both the risp-writer and the risp-teacher to ensure that the less confident students 
are given a carefully structured opening that ensures a safe passage through the rispôs initial 
moments. Maybe the choice of numbers or functions will have to be restricted at the start? In other 
words, effective early scaffolding needs to be in place. 

óI am not confident with the maths on this one... ô 

We are told endlessly that the nation is short of maths teachers. There have been some laudable 
efforts to address this fact, notably the MEI Teaching Advanced Mathematics project, where maths 
teachers who have not taught beyond GCSE before are given the skills and knowledge to take the 
step up to teaching A Level. Now itôs certainly true that the traditional XXX lesson is 'safer' for a 
fledgling A Level teacher than the RispïTheoryïCheckïConsolidation kind of lesson. 
Should someone whose background in mathematics is less extensive take a risk over the 
improvisation a risp involves? I guess some risps are riskier than others! Itôs hard for anyone to 
teach a risp 'blind', which means preparation time is required. I certainly think that a good 
'traditional' lesson is better than a bad 'risp' lesson. If the risp goes off the rails somehow and the 
teacher does not have the experience to get it back on track, the class can be left feeling confused 
and unhappy. On the other hand, a series of lessons where nothing unexpected ever happens will 
surely bore most of your students to death eventually. There must be an element of improvisation 
in everybody's teaching to keep the educational process alive. 
 
I think itôs perfectly in order to say to your students, óI should tell you Iôve never done this activity 
with a group before.ô Theyôll feel special and be forgiving if thereôs the occasional hiccup. I can 
truly say Iôve never come out of a risp lesson seeing the activity in the same light. 
Students always suggest different facets to the task. This means I go into the lesson curious, 
hungry to see what will be suggested. And if Iôm feeling that way, could that be infectious? 
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Risps and Technology  
 
Virtually whatever I type about technology will be out of date within a week. AIôs mathematical 
march moves on in leaps and bounds, much faster that I was expecting it to. But Iôll tryé named 
below are the packages that I think might be useful at the moment for these tasks. Lots of these 
will have a free version that you can track down on the net to download onto your machine, while 
some others may be harder to find and will need to be paid for. If you are at a university or college, 
you may find that their license covers you. There may be web versions too, some of which can be 
utilised on a smartphone. Remember that many of these risps are simply pen and paper activities 
and wonôt need the heavy artillery. Be aware too that using a computer can be a way to avoid 
thinking hard about a problem ï for example, always try to predict what a graph will look like 
before you press óEnterô.  
 
Graphing programs 

¶ Autograph (my graphing program of choice) 

¶ Desmos 

¶ Geogebra 

¶ Omnigraph 
 
Whatever you use, for these tasks youôll need the ability to control the value of named variables in 
your equations dynamically by using a slider or constant controller. Your package also needs 
ideally to be able to graph implicitly defined functions and to draw the gradient function of a curve. 
 
Computer algebra systems 

¶ Derive 

¶ Geogebra (currently embryonic) 

¶ Maple  
 
Note: calculators with CAS built in cannot currently be taken into most UK maths exams. 
 
Calculators 
Graphical calculators will allow you to plot curves and run simple programs. 
 
Programming 

¶ VBA within Excel 

¶ Python 
 
Spreadsheets 

¶ Excel 

¶ Geogebra 
 
Dynamic geometry 

¶ Geogebra 
 
Online Engines 

¶ Wolfram Alpha 

¶ ChatGPT  
 
Iôve spent my entire career working within a Windows environment; I hope that Apple fans out 
there can adapt whatôs here happily. This eBook is designed primarily for use on a desktop or 
laptop computer, but it will download onto a smartphone and the links should still work.  
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Many of the risps use some choice of graphing program. How to organize this?  
 
You could  
 

¶ teach a whole class lesson using a projector with student contributions from the floor, or 
 

¶ get your students to use a graphing program on their phones, or 
 

¶ go to a room with a class set of computers, or 
 

¶ book a class set of laptops.  
 
Some of these suggestions may be impractical or out of date already (Iôve been out of the 
classroom for a while) but graphing is such a fundamental part of Maths A Level that your students 
will have to have regular access to it somehow.   

 

Associated c omputer files - available at www.risps.co.uk  

 

Some of the risps are supported by a computer file of some kind. Thereôs a list of these below; 
please read the Security Advice section, especially regarding the Excel files with macros. 

 
¶ risp -1.xlsm : Excel file with macros: Triangle/prime numbers  

¶ risp -9.ggb : Geogebra file: Special circles  

¶ risp -13.xlsm : Excel file with macros: Adding random numbers  

¶ risp -14.xls : Excel file without macros: Geoarithmetic series  

¶ risp -18.ggb : Geogebra file: Exploring fg = gf 

¶ risp -20.xls : Excel file without macros: Exploring un, sn 

¶ risp -26.ggb : Geogebra file: Generating the compound angle formulae  

¶ risp -28.xlsm : Excel file with macros: Dice simulation for illness spread  

¶ risp -32.xlsm : Excel file with macros: Exploring nCr 

 
Security Advice  

 
There are sadly lots of scammers out there who will try to get you to download dodgy files from the 
internet. Some file extensions are nearly always safe; itôs virtually impossible to make a GeoGebra 
file malignant. The same is not true of Excel files that contain macros; there are security issues 
here. In the hands of nefarious people, a macro can hide code that could cause you or your 
institution harm.  
 
You are advised to only download the risp files above direct from my risps site at www.risps.co.uk  
where they should be 100% safe. 
 
If youôre working for an educational establishment, your IT Department may well give you advice 
on how to make these files usable in your classroom. They will be wary about Excel files 
containing macros, and you may have to make a case.  
 
At my last college, I was given a special folder on the college network; any file inside the folder 
could run without a problem. 
 

http://www.risps.co.uk/
www.risps.co.uk
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This might work for you: create a new folder called risp downloads . Open a blank Excel file and  
now click on  
 

File ï Options ï Trust Center ï Trust Centre Settings ï Trusted locations  
 

and make risps downloads  a trusted location.  Download the risp file and find it in your Downloads 
folder. Copy it into your risp downloads  folder, and it should run without problems from there.   
 
If you have trouble, searching on the net for óSecurity and Excel Macrosô will yield helpful advice 
which should be up to date. 
 
Any code for macros in these risp files is protected with a password.    
 

Risp Sites (accessed successfully Dec 2025) 

Underground Mathematics  

Written by a team who thought extremely hard about task-creation. The open, investigatory activity 
is celebrated here. There are also a range of past exam questions with useful notes. I have to 
declare an interest; I worked part-time as part of Underground Maths for around a year. 

Nrich  

A brilliant collection of materials for all ages, with a strong A Level section thatôs carefully indexed. 

Stem Mathematics Library  

Collected together here in a national library are the best resources freely available for STEM 
subjects. The link here takes you to the 16+ area. This library hosts some of my materials.  

TES Teaching Resources  

This site collects together a huge array of resources, some to buy alongside others that are free. 
Thereôs a way for users to give feedback, so good resources are easy to find. Some of my 
materials can be found here. 

Mathigon  

One of the most attractive sites out there. Beautifully programmed by Philipp Legner, I find every 
visit results in finding something new and creative. Not strictly A Level but could excite your 
students at any stage in their careers.  

Integral  

A huge professional website to aid the busy A Level Maths and Further Maths teacher with all the 
resources they might need. Thoughtful multiple choice questions supply meaningful homeworks 
that are automatically marked. Every part of the site has been thought about really hard. Iôve 
written some of the rich mathematical tasks for the Further Maths areas. 

  

https://undergroundmathematics.org/
http://nrich.maths.org/public/index.php
https://www.stem.org.uk/audience/fe
https://www.tes.com/teaching-resources
https://mathigon.org/
https://integralmaths.org/
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Proje ct Euler ШШШШШШШШШШШШШШШШ 

If you want to improve your programming skills, this site has a wealth of stimulating maths 
questions to get your teeth into.  

Technology for Secondary/College Mathematics  

Any rispïfriendly site is bound to be found here. A wonderfully comprehensive collection of links 
maintained by Douglas Butler (who conceived Autograph). 

Risp books  

Some of these may no longer be readily available, but then, we live in an age when tracking down 
secondhand books has never been easier.  

Starting Points,  C.S. Banwell. K.D. Saunders, D.S. Tahta  
 Wise and handsïon. Where this site began. Tarquin 1986 ISBN 0906212510 
 
Whatever Next?  Ideas for use on A Level Mathematics Courses  
An ATM activity book, written by a number of teachers. Lots of excellent ideas, helpfully 
presented. Encouraged me to experiment for myself. ATM 1988, ISBN 0900095725 
 
6th Dimension, Developing Teaching Styles in A Level Mathematics,   
Editor: Laurinda Brown   
A wealth of rich and open possibilities for inquisitive mathematicians. 
Resources for Learning Development Unit, Bristol, 1986ï1988, no ISBN 
 
Proofs and Refutations,  Imre Lakatos  
Effectively argues for a rispïbased approach to mathematics, rather than a deductivist one. Some 
tough material at times here, but the start is fun, accessible and compelling. 
Cambridge University Press, 1976, ISBN 0521290384 
 
Designing and Using Mathematical Tasks,  John Mason and Sue Johnston ïWilder  
Written for the ME825 course Researching Mathematical Learning, run by the Open University. 
Provides an excellent philosophical framework for the construction of classroom tasks.  
The Open University 2004, ISBN 074925534x 
 
Improving Learning in Mathematics: Challenges and Strategies,  Malcolm Swann  
Outlines the philosophy underpinning the Standards Unit material for teaching A Level 
mathematics released in 2005. A range of ways to breathe life into your classroom. 
DFES 2005, Crown Copyright, ISBN 184478537x 
 
A Handbook on Rich Learning Tasks,  Gary Flewelling with William Higginson  
Subtitled 'Realising a Vision of Tomorrow's Mathematics Classroom.'  
Warm and accessible. Full of pithy philosophy concerning the use of rich tasks in mathematics 
teaching. Especially strong on assessing rich tasks.  
Queens University, Ontario, 2001, ISBN none, available from the AAMT (Australian Association of 
Mathematics Teachers). 
 
Solving Mathematical Problems,  Terence Tao  
A masterclass in tackling mathematical problems from one of the best mathematicians in the 
world. OUP, 2006, ISBN 9780199205608 

https://projecteuler.net/
https://www.tsm-resources.com/tsm/mlink/mlink.html
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Discovering Mathematics; the art of investigation,  A. Gardiner  
Tony Gardiner was a fiery maths educator who made a massive contribution to widening young 
peopleôs experience of maths. This book offers a pathway through many investigations; the level is 
right for A Level students.  
OUP, 1987, ISBN 0198532652 
 
Teaching A Level Maths,  Rob Southern and Susan Whitehouse  
An inspirational book by two passionate A Level Maths teachers who both have websites 
containing stacks of valuable free resources. 2024, The Mathematical Association, ISBN none 

 

With thanks toé 

A huge thank you goes to Bernard Murphy, my main Gatsby Mentor for my Fellowship year, who 
took the trouble to visit my classroom twice in that time. Bernard also worked each risp thoroughly, 
giving valuable suggestions, and he was always on hand with encouragement at every stage. 
Bernardôs influence can be detected on every page of this eBook.  
 
My further thanks goes to Susan Wall, my other Fellowship mentor, who gave me especially good 
advice over using these risps with less confident students. 
 
Lisa Berelian-Page, Sue Robinson and Charlie Stripp interviewed me at the start of this project, 
and Iôm grateful to them and the Gatsby Foundation for their warm support throughout. 
 
I am indebted to Rachel Bolton, my Head of Department at Paston College, for 2005-6; the way 
that Rachel was so in tune with what I was trying to do made everything easy. 
 
When using these tasks while teaching at Frome College, I was given unwavering support by Julia 
and Russell Cole, who ran a brilliantly happy mathematics department there.  
 
Iôm most grateful to the Association of Teachers of Mathematics. Resources like these are never 
written in a vacuum and at the ATM Iôve always been challenged by a range of inspiring maths 
teachers. The ATM journal Mathematics Teaching ran a risp in each edition for many issues. My 
thanks goes to Margaret Jones, the editor over that time. 
 
In 2010, the Times Educational Supplement commissioned a major revision of my risps site, 
involving a move to PDFs for the Tasks and Notes. This was a notable improvement and Iôm 
grateful especially to Elli Karaolou at the TES for her help and advice. 
 
Iôm also immensely grateful to Alan Fry (father of Stephen) who kindly prepared the original PDF 
eBook of these pages. 
 
I would also like to thank the many people who gave me more general feedback and 
encouragement: in particular, my thanks goes to Alyssa Rowlandson, Andrew Blair, Anne Watson, 
Bill Higginson, Bob Burn, Claire King, Colin Foster, Derek and Barbara Ball, Douglas Butler, 
Francis Chalmers, George Wellen, Hannah McWattie, Ian Short, Jamie, Jayne Stansfield, Jim 
Smith, Joan Ashley, John Mason, Judit Subirachs-Burgaya, Laurence Satow, Liz Beel, Lynn 
Wilson, Mark Cooker, Mike Ollerton, Oliver Gray, Patrick Dunn, Peter Brayne, Richard Peters, Sue 
Cubbon, Sue Pope, Trevor Hawkes and Ronnie George. 
 
I would like to say óThank youô three final timesé 
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¶ to those teachers who made A Level mathematics come alive for me when I was a young 
student at Dulwich College, especially Steve Russ and Ray Payne. 

 

¶ to my students at Paston College and Frome College, who worked hard on these risps in 
their initial and subsequent incarnations, and who played a vital part in their refinement. 

 

¶ to Meg, my better half, for making these pages possible in lots of different ways. I only hope 
I can support you half as well when it's your turn to write your own eBook. 

 

       

About the Author  

 

Now retired, Jonny Griffiths taught mathematics at Paston Sixth Form College in Norfolk for over 
twenty years. It was there he was a Gatsby Teacher Fellow for 2005ï6 and built the Risps 
website. He also taught at Frome College in Somerset, St Dominic's Sixth Form College in 
Harrow-on-the-Hill, St Philip Howard 11-16 comprehensive school in Tower Hamlets, Islington 
Sixth Form Centre, and Great Walstead School in West Sussex. 
 
He's studied mathematics, computing and education at Cambridge University, Imperial College, 
the Open University and the University of East Anglia. Possible claims to fame include being a 
member of Harvey and the Wallbangers, a popular band in the 1980s, and playing the 
character Stringfellow on the television programme for children Playdays. 
 
Heôs also worked for Underground Mathematics, MEI, Integral, Dorling Kindersley, York, 
HarperCollins and Hodder on creating mathematics resources. He was the originator and first 
author of the A Level Maths competition Ritangle in 2016, which has run every year since. He was 
for some years a Holgate Lecturer supported by the London Mathematical Society. Heôs written 
many articles for the Times Educational Supplement and other journals on the topics of maths and 
maths education. A full list of his published work can be found at www.jonny -griffiths.net  
 
He and his wife Meg now live in Frome, Somerset, where their local food bank Fair Frome  does 
fantastic work. If youôve found this eBook or any of Jonnyôs other free resources useful and you 
generously want to recognise that with a donation, then sending a few pounds in the direction of  
Fair Frome  would be a great idea and much appreciated. 

Jonny's email: hello@jonny -griffiths.net  

Jonny's home website: www.jonny -griffiths.net  

http://www.jonny-griffiths.net/
https://fairfrome.org/
https://fairfrome.org/
http://www.jonny-griffiths.net/
http://www.risps.co.uk
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Back-up link if link on left 

becomes out of date: 

The Proving Ground 

 

Back-up link if link on left 

becomes out of date: 

Digitisers 

 

http://www.making-statistics-vital.co.uk/
http://www.carom-maths.co.uk/
http://www.further-risps.co.uk/
https://atm.org.uk/shop/the-proving-ground/dnl137
https://atm.org.uk/Digitisers-Puzzles-for-late-GCSE/A-Level-Maths
http://www.risps.co.uk
http://www.s253053503.websitehome.co.uk/progro-atm-final.pdf
http://www.s253053503.websitehome.co.uk/digitisers-21-12-21.pdf
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Risp 1: Notes 

Suggested use:  to introduce/consolidate/revise ideas of proof  

Skills included:  constructing a mathematical argument  
use of logical deduction  

Computing  needs:  Excel file risp -1.xlsm  is available at www.risps.co.uk   

A mathematician canôt help but see things differently. I took this photo whilst enjoying an all-too-
brief visit to Barcelona some years ago:  

 

Monument to Francesc Macia, Place Catalunya, by Josep Maria Subirachs 

Do you sense a piece of mathematics trying to emerge from this statue? I got back to the hotel 
and started to sketch a few staircases.    

 

In other words, Tn + m ï Tn is going to be a rectangle number (a composite number) ï excepté? 

When might these diagrams fail? 

Level 1: All thatôs required for this risp in terms of prior knowledge is an understanding of  

¶ óprime numberô (a positive whole number with only two factors, itself and 1) and  

¶ ótriangle numberô (a positive whole number that can be arranged into a triangle shape, in 

other words, a number of the form = 1 + 2 + é + n for some n). 

http://www.risps.co.uk/
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Level 2/3 : How might students systematize their work on this? Maybe some will create a table to 
show the various differences; 

 

The primes seem to fall close to the main diagonal...  

"So the only chance for Tn+m ï Tn to be prime is if m is 1 or 2?ò 

Can we find an argument to back this up? This proof-without-words works well: 

 

The bottom row can be prime, the bottom two rows can be prime, but try to take a larger number 
of rows, and you will always get a rectangle number. 

What do our Barcelona diagrams look like here?  

 

Bringing in the formula for the nth triangle number is helpful. If your students are up for further algebra, 
then they might emerge with this: 

Tn+m ï Tn = 
▪ □ ▪ □

  ī  
▪▪

 = 
□ ▪□

 

which can only be prime if m = 1 or 2. 
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Level 4 : a2 ï b2 = (a + b)(a ï b), which is only prime if  

a = b + 1, and 2b + 1 is prime, which is certainly possible.  

A related question: if p is a prime, when is p + 4 a square?  

Level 5 : a3 ï b3 = (a2 + ab + b2)(a ï b), which can only be prime if  

a = b + 1 (when (a2 + ab + b2) becomes 3b2 + 3b + 1) and 3b2 + 3b + 1 is prime. 

This is certainly possible (try a = 11, b = 10 to get 331, which is prime)  

But it might not happen (try a = 13, b = 12 to get 469 = 7 ³ 67).  

Level 6 : My thanks to Bernard Murphy for pointing out  

that the difference of two fourth powers factorises neatly showing that itôs never prime. 

a4 ï b4 = (a2 ï b2)(a2 + b2) = (a ï b)(a + b)(a2 + b2). 

Note also that apq ï bpq
 where p, q > 1 is never prime since  

apq ï bpq = (ap ï bp)(apqïp + apqï2p bp +é+ bpqïp). 

Postscript:   

When is the difference between two triangle numbers a prime number?  
 

Iôve just put this into ChatGPT (November 2025):  

the answer was (fairly) swift and (moderately) accurate. 
 

 
 

Not a bad effort, but the óiffô here is not valid. I guess we must tell our students that this task is 
designed to help them develop their own problemïsolving skills, so they should try it without AI 
first. In real life they might well reach for AI to help make quick progress, but for the sake of their A 
Level Maths and beyond they should first try to think things through for themselves. Using AI to 
check what theyôve done afterwards seems to me by and large fine (although everyone should be 
aware that AI does not always get maths answers right).  
 

         

http://www.risps.co.uk
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Risp 2: Notes  

Suggested use:  to introduce/consolidate/revise sequences  

Skills included:  convergent, divergent, increasing,  
decreasing,  oscillating and periodic  sequences 

defining a sequence,  as the nth term in terms of n,  
and as the nth term in terms of previous terms. 

Computing needs:  nothing essential  

Level 1 : My students looked at these tiles and wondered what to do. They began to place them 
together side by side in different ways, some defining legal sequences, and some not. Words like 
ódivergentô, óconvergentô, óboundedô and óperiodicô came into play, and during lively discussion 
students were able to say óI donôt know what ñdivergentò meansô without being made to feel overly 
selfïconscious. What does ódivergentô mean? Tricky! What do you make of this definition? 

A sequence is divergent if for all m, | un | > m for all n > k for some k. 

My class began to stick down tiles onto a poster to summarise our work. There was plenty of 
debate about what counted as óconvergentô or ódivergentô. Students asked if they could use spare 

tiles from other groups, which I allowed. This makes un =  
n

n 1-
 possible as a sequence. 

Level 2 : Together we were able to draw up a table for the sequences weôd found - could we fill the 
cells using these tiles only?  

 Divergent  Convergent  Periodic  Other  

Always 
increasing  

nn (n ï 1) · n Not possible  Not possible  

Always 
decreasing  

ï n 1 · n Not possible  Not possible  

Oscillating  (ï n)n (ï 1)n · n (ï 1)n ? 

óFlatô Not possible  un = unï1 Period 1? Not possible  

The óFlatô-Convergent example introduces the Level 2  un-1 tile. Can we have an óalways 

increasingô yet óboundedô sequence thatôs not convergent? This activity raises deep questions.  

Level 3: Adding in the unï1 and unï2 tiles can create interesting sequences called óLyness 

cyclesô. The sequence defined by un = 
21

1

-- nn uu
 is periodic, period 3, for almost any choice of 

starting values u1 and u2. The sequence defined by un = 
1

2

-

-

n

n

u

u
 is periodic, period 6, for almost 

any choice of starting values u1 and u2.  

Can you prove these statements using algebra?  
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Level 4 : What tile would I need to add to fill the gap marked ? above?  

How about a 'last digit of' tile? Would ólast digit of nô fill the gap? How about ólast digit of nnô?  

Beyond our set of tiles, the ? gap can be filled by un = nth
 digit after the decimal point in .́ 

One of our posters looked like this: 

 

         

http://www.risps.co.uk
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Risp 3: Notes  
 

Suggested use:  to introduce/consolidate/revise simple expanding/factorising  
 

Skills included:  use of algebra , including expanding brackets , and factorising a quadratic  
proof and mathematical argument 

 
Computing needs:  nothing essential  

 
Everyone who tries to write their own materials for their classroom develops a style. I often use the 
idea of choosing three objects and then mixing them up in all possible ways within an expression 
or equation. 

 
This generates a family of six problems, and if you can find a property that links the results, you 
have a chance to set students plenty of practice at a particular skill whilst asking them to discover 
this linking property. In other words, you have a 'miniïtheorem' for your students to discover.  
 
For me this is so much better than getting your students to plough through exercise after exercise 
with little overarching motivation. Iôd say that itôs the difference between working out alone at the 
gym and taking part in some well-matched team game (although I do concede that some people 
DO like to pump iron alone at the gym!)  
 
This task worked well as a first-risp-of-the-A-Level-Maths-year. Students drifted into the lesson 
over a period of half an hour as they were given their timetables. Using a risp is helpful in this 
situation; incoming students join a working atmosphere, while there is no danger of the early 
students running out of work. This risp required no introduction - everybody recognised that they 
already had the skills required to get going.  
 

Level 1:  What would a typical attempt at this look like? Suppose I choose the numbers 2, 3 and 

4, creating six expressions to multiply out as below.  

 
Level 2:  

(x + 2)(3x + 4) = 3x2 + 10x + 8 

(x + 2)(4x + 3) = 4x2 + 11x + 6 

(x + 3)(2x + 4) = 2x2 + 10x + 12 

(x + 3)(4x + 2) = 4x2 + 14x + 6 

(x + 4)(3x + 2) = 3x2 + 14x + 8 

(x + 4)(2x + 3) = 2x2 + 11x + 12 
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Level 2/3: Adding the right-hand sides gives 18x2 + 70x + 52, which factorises to 

  

2(9x + 26)(x + 1). 
 

Will the rightðhand side always factorise with (x + 1) as a factor? This becomes a conjecture 

that students can arrive at by comparing notes with their partners (always hoping for accurate 
working). 
 
There are a couple of helpful points for the teacher here: 
 
1. If a student wants help with factorizing,  the teacher is aided by the fact that one of the 

factors , thatôs (x + 1), is fixed.  

 
2. The teacher can use the factor theorem to detect student mistake s quickly. If presented 

with 18x2 + 70x + 48, then f(ï1) is not zero, so there ôs been a mistake.  

 
Level 4:  For the general proof, algebra is needed. 

 

(x + a)(bx + c) = bx2 + (ab + c)x + ac 

(x + a)(cx + b) = cx2 + (ac + b)x + ab 

(x + b)(ax + c) = ax2 + (ab + c)x + bc 

(x + b)(cx + a) = cx2 + (bc + a)x + ab 

(x + c)(ax + b) = ax2 + (ac + b)x + bc 

(x + c)(bx + a) = bx2 + (bc + a)x + ac 
 

and so the total is  
 

2(a + b + c)x2 + 2(ab + bc + ca + a + b + c)x + 2(ab + ac + bc) 
 

which factorises to  
 

2((a + b + c)x + (ab + ac + bc))(x + 1). 
 

An insight into this: (x + a)(bx + c) + (x + a)(cx + b) = (x + a)(b + c)(x + 1). 
 
As theorems go, simple fare. But I think my students experienced this risp as a pleasing 'magic 

trick'. There was definite surprise to find that everyone had (x + 1) as a factor. I could feel 

curiosity building, something essential for mathematics to come alive. 

 

         

http://www.risps.co.uk
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Risp 4: Notes 

Suggested use:  to consolidate/revise functions  (especially periodic  functions) 
 

Skills included:  manipulating periodic functions,  
the composition  of functions and the transformation of graphs , 

deriving the graph of y = kf(x) from the graph of y = f(x) 

 
Computing needs:  nothing essential  

This activity includes several useful techniques for rispïconstruction. The óGive me an example 
of...and another...and another...ô idea I first met at a workshop led by Anne Watson. We were 

asked to think of two numbers with a difference of 9, and then another pair, and another pair... 

What would you do? For me, the first example came trivially enough, but each time I was asked 
for another case, I felt implicitly challenged to come up with something significantly new, some 
new way of looking at the problem that my colleagues might not have found.  

We then moved on to pairs of numbers differing by .́ Does the question become easier or more 

difficult if you change the number 9? Comparing notes afterwards, we found all my examples had 

been of the form n and n ï ́, while my partner had chosen examples of type ń and                 

(n ï 1) .́ So thereôs more than one way to skin a cat... 

Level 1: My students came up with sin x, cos x and tan x as periodic functions, but I like to 
introduce x ï [x] too, where [x] is 'the integer part of x.' This 'sawïtooth' function has period 1.  

Level 2: Converting these into functions with period 10 is clearly a vital skill, yet some found this 
hard. Graphics calculators are a help with this risp, allowing students to try ideas out. 

Thereôs much that arises naturally from this risp - for example, does it ever make sense to say that 

if f(x) is nonïperiodic then per (f(x)) = 0?  

Iôm grateful to Ian Short for asking, óIs a constant function a periodic function?ô If so, what would 
the period be?  

Bob Burn asked, óTake the function f(x), where f(x) = 1 if x is rational and 0 if x is irrational. Is 

f(x) periodic?ô Hmmmé 

Level 3: A periodic function is one such that f(x + a) = f(x) for all x for some constant a. The 
period of a periodic function f(x) is the smallest a such that this is always true.  

The threeïproperty, eightïregion Venn diagram is an easy way to generate richness. This will work 
wherever you have a set of mathematical objects with three different attributes they may or may 
not possess. With younger children you could pick the natural numbers up to 20 as the main set, 
with the attributes 'prime', 'even' and 'square'. Or when dealing with sequences with older 
students, you could have the attributes 'oscillating', 'periodic' and 'convergent'.  

For our current risp, possible answers are below. 
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Differentiation (in the educational sense) is easy with this exercise. If a student finds it hard to get 

started, get them to construct ANY example from the main set (in this case óall functions f(x)ô). 
This example must sit in one of the eight regions - which one? When collecting together answers, 
the teacher can leave calling upon the stronger students until the harder regions remain to be 
filled.   

Level 4: If you add two periodic functions, do you always get a periodic function? The perhaps 
surprising answer is óNoô. Mark Cooker helpfully shared this problem, one that he uses with his 
undergraduate students:  

óShow that f(x) = cos(x) + cos(xã2) is not periodic.ô 

Mark's solution: although f(0) = 2, f(x) is never again equal to 2. A lovely way to discuss the 

irrationality of Ѝ. 

Level 5: Yet another rispïbuilder can be seen in the final section:  

óAre the following statements always true, sometimes true, or never true?ô 

Suppose youôre working in a topic area where there are certain classic booïboos that every class 
will make at some stage. Why not put these errors centre stage alongside some rather ótruerô 
statements, and ask students to sift them into the above three categories? (I know there are 
purists out there who would argue with this approaché) 

Here we have:   1. Can per(f(x)  ³  g(x)) = per(f(x))  ³  per(g(x))? 

Now per(sin(x)cos(x)) = 180o, not (360 ³ 360)o.  

However, per((x ï [x]) cos(x)) = 360o = 1 ³ 360o.  

So 1. is sometimes true. 
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2. Can per (kf(x)) = k per(f(x))  where k Í 0? 

Generally, for a periodic function f(x), per(kf(x)) = per(f(x)).  

We can see that 2. is true if k = 1, but not the rest of the time.  

So 2. is sometimes true. 

3. Can per (f(x) + g(x)) = per (f(x)) + per (g(x))? 

Suppose we are given f(x), with per(f(x)) = a, and g(x) with per(g(x)) = b, where a and b 
are positive whole numbers. Can f(x) + g(x) be periodic with per (f(x) + g(x)) = a + b?  

This turns out to be an intriguingly tricky problem. Many thanks to Oliver Gray for helping with this.  

To appreciate the difficulties, draw y = sin(px) + sin(qx) in Autograph (using degrees).  

When is this curve periodic? And if it is, when is the period 
▫

▬

▫

▲
ȩ  

Adding the line  ●
▫

▬

▫

▲
  is a help. Now vary p and qé 

An observation: 

¶ sin(5x) has period 72o,  

¶ sin(6x) has period 60o, and  

¶ sin(5x) + sin(6x) has period 360o. 

So we can add periodic functions together to create a periodic function with a longer period than 
either of them..  

For the above,  per (f(x) + g(x)) > per (f(x)) + per(g(x)). 

Buté  

f(x) = sin(5x) has period 72o,  

g(x) = sin(6x) ï sin(5x) has period 360o, 

and f(x) + g(x) = sin(6x), which has period 60o. 

So here per(f(x) + g(x)) < per (f(x)) + per(g(x)). 
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So surely thereôll be somewhere in between where 

per (f(x) + g(x)) = per (f(x)) + per(g(x))? 

This is left open as a question for you to explore. 

This activity leaves me musingé 

¶ The questions above arise naturally, yet will many A Level students find answers?  

¶ Some of these questions are hard; does this make this risp too dispiriting to set?  

¶ Are the harder questions included here more for the pleasure of the teacher  
than to address the needs of the students?  

¶ Could this be an example of 'teacher lust' in action?  

Enacted teacher lust [Mary Booleôs concept] is an observable teacher action that takes 
away an opportunity for students to think about or engage in mathematics for themselves. 

Andrew Michael Tyminski 

Every teacher should ask themselves these things before embarking on any risp.  

         

http://www.risps.co.uk
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Risp 5: Notes  
 

Suggested use:  to revise coordinate geometry  
 

Skills included:  coordinate geometry of straight lines and parabolas  
simultaneous equations:  solving a line and a curve 

simple differentiation , equal roots  for a quadratic equation, constructing a logical argument 
simple differentiation  

 
Computing needs:  access to a graphing program  required   

 
One of the crucial things in setting a risp is to pick the right time in the year. Will your students 
have the maturity to tackle this now? How much prior knowledge do you want your students to 
have? For this risp I chose a set of students nearly two terms through their first year of A Level. 
They were comfortable with coordinate geometry, theyôd covered simple differentiation, and they 
could succeed in solving some quite hard sets of simultaneous equations. This risp turned into a 
chance to practice all of these skills, as well as those of sound logical reasoning. 
 
Level 1/2/3:  
 

 
 

Our conjecture becomes, after trying several values for a, that k = 2a.  
 

Level 4:  We need to know this fact: 
 

Two curves y = f(x) and y = g(x) touch at (p, q) if and only if 

 

1. f(p) = g(p) = q  

2. f ¡(p) = g ¡(p) 
 

Using this, (p, q) is on the curve, which gives q = p2 + a2. 
 

(p, q) is on y = kx which gives q = kp. 
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The gradient of the curve at p is k, which gives k = 2p, so q = 2p2, and p2 = a2, so p = a. 

 

Note that a, k and p are all positive. Thus q = 2a2, and so k = 2a. 
 

Level 5:  We also have that the point of contact is (p, q) = (a, 2a2).  
 

The other way to see all this is by saying y = kx and y = x2 + a2
 must give equal roots when 

solved together. 
  

Level 6:  To demonstrate this method on the second problem (where k could be negative): 

 

Solving y = kx and y = x2 + bx + a2 together, 

 

kx = x2 + bx + a2, so x2 + (b ï k)x + a2 = 0 

 

Equal roots mean the discriminant is 0 

 

Ý     (b ï k)2 = 4a2
  Ý    b ï k = ± 2a     Ý     k = b ± 2a. 

 

Everyone in the group was able to spot the first relation (k = 2a) by experiment, and most were 

able to find the second (k = b ± 2a) with a little help. Justifying this was a good exercise. 

 
Where are the touching points? We have for Level 6 : 
 

(b + 2a)x = x2 + bx + a2 Ý (a, (2a + b)a) and  

 

(b ï 2a)x = x2 + bx + a2 Ý (ïa, (2a ï b)a) 

 

which yields the points we seek. So if, for example, a = ï2, b = 5, the touching points are         

(2, 18) when k = 9, and (ï2, ï2) when k = 1.  
 
When I have a bad day with a risp, when students do not warm to an activity as Iôd hoped, when 
they complain that Iôm asking too much of them, I sometimes doubt this whole project. When that 
happens, I think back to trying this particular task and I remember why Iôm doing this.  
 
Sitting in pairs at computers running Autograph, my students became engrossed as the room 
gradually fell silent. There was an intensity as they worked, a blessed atmosphere in which they 
forgot that I was in the room. For half an hour the maths was everything. Then the chance came to 
put together what had been learnt and to build upon it.  
 
At the end of the lesson, one student stayed behind to express how good it had felt. So it wasn't 
just me...  
 

         

http://www.risps.co.uk
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Risp 6: Notes  
 

Suggested use:  to revise ideas of polynomials  and their curves  
 

Skills included:  basic algebra,  including expanding brackets, 
knowing how to solve an equation graphically , 

knowing how to sketch the graphs of polynomial functions,   
especially in factorised form 

knowing how to sketch the curve of y = f(x) + a given the curve y = f(x) 

 
Computing needs:  access to a graphing program  required   

 
Iôve changed this risp a great deal since I first wrote it. Each time I tried the original with students, 
the logic of the activity felt uneasy. The task was too linear - there was not enough preliminary 
'messing about'. I was being too prescriptive ï óIôve something in mind I wish you to discover, and 
whether you like it or not, you WILL discover it.ô 
 
I think this revised approach is much more rispy. It starts with students playing on a computer: the 
teacher is not the centre of attention, and the initial task is to get the screen to look a certain way, 
which is accessible to everyone. 
 
Level 1:  

 
 

Here we have an example of p, q, r, a, b and c all being positive.  

 

Level 2:  So the cuboid has sides of length 0.0896 cm, 0.5388 cm and 2.0716 cm, which 

gives: 
 

V = 0.100 cm³ (= r), S = 2.700 cm² (= q), and E = 10.800 cm (=  p) (3 d.p.)  
 
Surely a mathemagical trick to impress any student, however sceptical.  
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Level 3:  Does this always work? If the equation 8x³ ï px² + qx ï r = 0 has roots a, b and c, 

then ╪ ╫ ╬
▬
ȟ╪╫ ╫╬ ╬╪

▲
ȟ╪╫╬

►
. 

 

Not strictly on the A Level syllabus maybe, but easily shown. Our cuboid with sides 2a, 2b and 

2c has 

 

╥ ╪ ╫ ╬ ►ȟ  
╢ ╪╫ ╫╬ ╬╪ ▲ȟ 
╔ ╪ ╫ ╬ ▬Ȣ 

 

So we can write 8x³ ï px² + qx ï r = 0 as  8x³ ï Ex² + Sx ï V = 0,  
 

where E, S and V are the edgeïlength, surface area and volume  

of our cuboid with sides 2a, 2b and 2c. 
 

Level 4:  Now we can turn the problem around. If E is 10 cm and S is 3 cm² we have the graph  

 

y = 8x³ ï 10x² + 3x ï V. Suppose we choose V = 0.2 cm³ to start with: 

 

 
 

To maximise V we need to increase the value 0.2, which will lower the curve, until we only just 

have three real solutions, that is, until the curve touches the xïaxis.  
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This gives a maximum value for V of 0.264 cm³, when the sides are 0.3922 cm (twice) and      

1.7152 cm.  
 

Check:  0.39222 ³ 1.7152    = 0.264 (3 d.p.)  

2(0.39222 + 2 ³ 0.3922 ³ 1.7152)  = 2.998 (3 d.p.) 

4(2 ³ 0.3922 + 1.7152)   = 9.998 (3 d.p.) 
 

Level 5:  On the other hand when we lift the curve by decreasing V, V takes a minimum value of 0 

cm³ when the sides are 1 cm, 1.5 cm and 0 cm and our cuboid is degenerate. 

 
An alternative for Levels 4/5 : If you have a 3D graphing program available to you, you can draw  
 

4(x + y + z) = 10   and  2(xy + yz + zx) = 3, and then add xyz = k. 
 

When is k a maximum/minimum if for x, y, z > 0 we still have an intersection point?  

 

 
 

        
 
 

  

http://www.risps.co.uk
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Risp 7: Notes  
 

Suggested use:  to introduce the idea of implicit differentiation  
numerical methods and iteration  

 
Skills included: arithmetic progressions,   

implicit differentiation,  rearrangement method  for solving equations 
 

Computing needs:  access to a graphing program  required   
 
Volume, surface area and total edge length, and the ways in which they can be connected, are 
something of a leitmotif in my risps. They seem a natural thing to calculate when faced with a solid 
with polygonal faces, and the way you come across something linear, quadratic and then cubic in 
turn is often helpful. Consider the following beautifully simple and rich question: 
 

 

There are six ways to place  V, S and E in to the boxes above (no repeats!).  

Can you find a cube that satisfies  each order?  
What about a cuboid?  

 
(With thanks to Rachel Bolton.) 

 

Level 1:  Three numbers a, b and c are in arithmetic progression if and only if 

 

they can be written as a, a + d, a + 2d for some d. 
 

Now note that a + (a + 2d) = 2(a + d). 
 

So a, b and c are in arithmetic progression if and only if a + c = 2b. 
  
Level 2 /3: I watched some useful preliminary work from my students. Certainly  
 

E = 12x + 12y, S = 6x2 + 6y2, V = x3 + y3. 
 
Some students used Level 1  to arrive at the fact that one of: 
 

12x + 12y + 6x2 + 6y2 = 2x3 + 2y3 

6x2 + 6y2 + x3 + y3 = 24x + 24y 

12x + 12y + x3 + y3 = 12x2 + 12y2 

 
must be true. Beyond this? Time to introduce a graphing package, one with a facility for drawing 
implicitly defined functions. 
 

An implicitly  defined function in x and y is one where it is hard  

to make  (for example) y the subject  in an equation linking x and y. 
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For example, it is hard to make  y (or x) the subject here:  

 

12x + 12y + 6x2 + 6y2 = 2x3 + 2y3. 
 

What would the graph of 12x + 12y + 6x2 + 6y2 = 2x3 + 2y3
 look like? I would defy anyone 

to sketch this without computer help, although it would be worth noting that we do expect a graph 

that is symmetrical in y = x.  
 

 
 
My students reacted with delight to this, as something unexpected and offbeat. (This is in fact an 
example of an elliptic curve.) The graphing package has to work a bit harder with implicitly defined 
curves, so there may be some fairly approximate plotting in places.  
 
Which area of the diagram are we interested in? My students quickly saw that this must be the first 

quadrant; x and y must be positive. Is there a clear maximum for y in the first quadrant? We can 

see that there is. But might the other equations yield something larger?  
 

Adding the graph of 6x2 + 6y2 + x3 + y3 = 24x + 24y gives the following: 
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So another maximum for y in the first quadrant here, but not a larger one.  

 

We can now add the third curve, 12x + 12y + x3 + y3 = 12x2 + 12y2. (*)  

 
 

 
 

Now we have TWO maximum points for y in the first quadrant, one large, one small: the purple 

arrow shows us the one we seek. We can home in this, but the rather grainy plotting of this implicit 
graph may limit the accuracy we can obtain (fortunately weôre heading towards finding an 

arbitrarily accurate solution by differentiating). By zooming in we arrive at approximately 12.1... 

for y and 7.46... for x. 
 

How could we differentiate to find this maximum point? Perhaps weôve never tried to find y' in a 

case like this, where we cannot easily make y the subject. A perfect opportunity to introduce 

implicit differentiation.  
 

Implicit differentiation example : differentiate the equation below with respect to x to find dy/dx. 
 

2xy + y3 + 1= 3x2 + y2   

 

Note that 
▀

▀●
Ἦ◐

▀◐

▀●

▀

▀◐
Ἦ◐ Ȣ To differentiate xy we need to use the product rule.  

 ◐ ●
▀◐

▀●
◐ ● ◐

▀◐

▀●
   Ý    

▀◐

▀●

●◐ ◐

● ◐
. 

 

Note that the right -hand  side is a mixture of functions of x and functions of y.  
 

Differentiating 12x + 12y + x3 + y3 = 12x2 + 12y2 implicitly we arrive at ◐
●●

◐ ◐
. 
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So y' = 0 if x2 ï 8x + 4 = 0, or x = 7.464... or 0.5358... 
 

We can see the two yïmaxima for these xïvalues on the graph. The x we seek is                             

4 + ã12 = 7.464... and to find the corresponding yïvalue, we substitute back into * getting: 

 

y3 = 12y2 ï 12y + 163.138... 
 
A chance now to bring in numerical methods and iterative ways to find a solution to a tricky 
equation. Sometimes a helpful iteration is hard to find, but happily here the obvious rearrangement 
yields us the root, perhaps by using the ANS button on our calculators: 
 

y = 3ã(12y2 ï12y + 163.138...)  
 

starting with y = 10 tends to y = 12.1204.... and we end up with  

a value for x of 7.46 (2 d.p.) and for y of 12.12 (2 d.p.)  

 

An extra question: are there rational solutions for x and y so that V, E and S in some order are in 

arithmetic progression?  
 
The term 'scaffolding' was introduced into educational literature by Wood, Bruner and Ross in 
1976. The connotations are of support while building is in progress, but with the obvious rider that 
the support is intended to be temporary. Here I found that although a lot of scaffolding was 
necessary at the start, it could be swiftly dismantled. 
 
This risp uses the fact that motivated theory is remembered theory. The cube problem carried my 
group along to the point where the idea that we would need the maximum of an implicitly defined 
function seemed natural. They were then able to approach more prosaic questions with 
equanimity. 

         

http://www.risps.co.uk
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Risp 8: Notes  

Suggested use:  to consolidate/revise simultaneous equations  

Skills included:  proof , mathematical language and argument 

Computing needs: nothing essential 
Excel or graphics calculators  to supply swift simultaneous equation solving is a help. 

Feedback suggests that out of the forty , this is the most popular risp !  

Level 1 /2: Suppose a student chooses the simplest possible set of six numbers from an arithmetic 

sequence, 1, 2, 3, 4, 5 and 6. These generate:   

x + 2y = 3 

4x + 5y = 6 

Note that the student has created this example for themselves, which adds a real motivation to 

solve it. The solution is x = ï1, y = 2. Teacher time at this point should be devoted to the 

stragglers: can you solve these equations? What happens if we interpret these as graphs? What if 

we make these equations even simpler? Taking ï2, ï1, 0, 1, 2 and 3 as your terms generates: 

ï2x ï y = 0 

x + 2y = 3 

Once again we get the solution x = ï1, y = 2. The truth begins to dawn that building a pair of 

simultaneous equations in this way always gives you (ï1, 2) as a solution.  

Often the problem with improvised simultaneous equations is that they have nasty solutions. 
Students get bogged down with fractions, and the intended techniques get lost. Here you can have 
huge numbers, and stretch equationïsolving powers to the limit, safe in the knowledge that the 

answer will be a clean (ï1, 2) every time.  

Level 3:  Meanwhile the stronger students will have been turning to algebra. (This activity really 
does differentiate itself nicely.) 

ax + (a + d)y = a + 2d 

(a + 3d)x + (a + 4d)y = a + 5d 

Subtracting, we get 3dx + 3dy = 3d, so x + y = 1.  

Thus y = 1 ï x and substituting back into the first equation gives x = ï1, y = 2.  

So we have that choosing coefficients in this way gives a solution of (ï1, 2). Is the converse 

true? No, since the pair of equations 
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4x + 5y = 6 

8x + 7y = 6 

have the solution (ï1, 2) too.  

A little revision gives this miniïtheorem: 

The solution to the two equations is (ï1, 2) if and only if  

 the first three coefficients are in arithmetic progression AND 

the second three are also in arithmetic progression.  

Why is this true? It is easy to see that whatever a and d are, the point (ï1, 2) will always lie on 

the straight line  

ax + (a + d)y = a + 2d. 

Similarly whatever b and e are, (ï1, 2)  will always lie on the straight line  

bx + (b + e)y = b + 2e, 

Thus the intersection of these two lines must be (ï1, 2), which must always be the solution to the 

pair of simultaneous equations.  

There are all sorts of extensions to this work. Picking coefficients from the Fibonacci sequence 

always gives the answer (1, 1), for fairly clear reasons. Why not look at simultaneous equations 

in three variables? (If students want to do this, they will appreciate the use of calculator/computer 
help to do the donkey work for them.)  

This task was written up in Mathematics Teaching,  No 168, pg 10, Sept 1999  

        

  

http://www.s253053503.websitehome.co.uk/mydirr/simuleqs.pdf
http://www.risps.co.uk


95 
 

Risp 9: Notes  
 

Suggested use:  to consolidate/revise ideas of circles in coordinate geometry  
 

Skills included:  the equation of a circle  
the midpoint of two points, and the distance between two points  

 
Computing needs:  Geogebra file  risp -9.ggb  available at www.risps.co.uk   

 
This activity is a good example of how risp creation might take place. Suppose youôve covered 
circles in coordinate geometry, and youôd like to consolidate the work. You look for a question: 
how about,  
 

What is the equation of the circle  

with A = (p, s) and B = (q, r) as end points on a diameter?  

 

To answer this we need to find the midpoint of AB (a handy bit of revision) and then the distance 

from here to either A or B to get the radius (again a vital skill). Now we can construct the equation 

of the circle (more good practice) which finally simplifies to: 
 

x2 + y2 ï (p + q)x ï (r + s)y + pq + rs = 0. (Level 4.)  
 

Now it might occur to us that if we choose pq = ïrs the circle will go through the origin.  

 
Can we use this fact at the start of the activity, in the manner of a magician picking cards? Now we 
have a risp. By turning the question around ('rispifying' it), we ask our students to practice the 
same skills that we did in its construction, but this time with something to discover. 

Level 1 /2/3: So for our example with (p, s) = (4, 6), (q, t) =  (3, ï2) we have (3.5, 2) as the 

midpoint, and  
Ѝ

 as the radius, which gives us the equation x2 + y2 ï 7x ï 4y = 0. Geogebra 

helps us verify what weôve worked out by hand.  
 

 
 
 

http://www.risps.co.uk/
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When I tried this with my students they enjoyed the sense of purpose the activity has. They were, 
however, surprisingly slow to spot what made their circles special, which led to my advice in the 
task about comparing with others.  
 

They also became confused with my notation; initially I used (a, b) and (c, d) as diameter 

endpoints, which became mixed up with the centre (a, b) in the standard formula for the equation 

of a circle.  
 
My stronger students did begin to experiment with algebra and the general case. When I 
presented this to my group, I felt it would be too much to go through this generality with everyone, 
although the work does simplify nicely ï if your group has a liking for algebra, then why not risk it?  
 

Once again, Geogebra is a great help in confirming whatôs going on. Varying a, p and s in the 

below sees the circle passing through the origin for all values.  
 

 

We might notice that the circle with diameter (p, s) to (q, t) is the same as the circle with 

diameter (p, t) to (q, s). Itôs good to go back to the starting equations to see why this works.    

 
Jamie, a student from Stowe school, sent in some delightful work on this risp that can be viewed 
here. 
 

         

https://www.risps.co.uk/risp-9-jamie.pdf
http://www.risps.co.uk
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Risp 10: Notes  
 

Suggested use:  to consolidate/revise ideas about anything!  
 

Skills included:  lines in coordinate geometry, quadratic equations é 
 

Computing needs:  nothing essential  
 
Iôve already mentioned the usefulness of a Venn diagram as a risp (see Risp 4 ). I revisit the 
subject now because their penetrating nature has recently impressed itself upon me more and 
more. To be able to fill in an eightïregion diagram shows a really deep understanding of the 
distinctions that a stronger student has to be able to make, while the less confident student finds a 
picture such as this much less threatening than a page of exercises. 
 

óI can't think of a way to start... ô 
 

On the quadratic equation diagram, let's say...  
 

óJust write down any quadratic equation, any at all. ô 
 

Even the least confident student should be able to manage this...  
 

óNow, where do you think it goes  on your diagram ?ô 
 
Once again the fact that the student has thought up their own mathematical object gives them a 
motivation to place it properly. And it must go somewhere! They must have written down a correct 
answer, if only they can correctly divine the nature of its correctness.  
 
I reflect too on how simple this risp is for the teacher. No photocopying, no instructions to 
decipher, no cutting up: just draw a box and three circles on the board with three properties 
attached, and youôre away. Risps that donôt sympathise with the realities of a teacher's existence 
will never get used. I sometimes trial new maths materials and my heart sinks as another slab of 
dense documentation flops through my letterbox. Materials for the classroom should be completely 
intuitive, virtually running themselves. If Iôm in an uncharitable mood, I conjecture those who write 
these materials and their paperwork have remarkably short memories over what the classroom 
actually feels like. 
 
Thereôs sometimes too (only sometimes!) a feeling on the part of some writers that a teacher 
should deliver the lesson in exactly the way that they, the writer, imagined it. With my risp 
materials the reverse is true: I invite you to customise, customise, customise. I offer no party line 
that I ask you to toe. I hope youôll improve on my ideas, and I look forward to enjoying such 
improvements. I wave goodbye to my risps as I publish them as if they are teenagers eager to 
leave home. 

 
As regards the particular Venn diagrams that make up this risp, possible solutions are below. 
Sometimes regions are impossible and discussing the reasons why can make for excellent 

understanding. Region 8 (itôs good practice to always label regions 1 to 8 the same way for each 

of these Venn diagrams) is often unique, while Region 1 will usually contain lots of possibilities.  
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1. y = x, y = 2x 

2. y = x ï 1, y = 2x ï 3 

3. y = x, y = ïx 

4. y = 3x, y = x 

5. y = 3x ï 5, y = x ï 1 

6. y = x ï 1, y = ïx + 3 

7. y = 3x, y = ïx/3 

8. y = 3x ï 5, y = ïx/3 + 5/3 

 
 

 
 

1. (x ï 4)(x ï 5) = 0 

2. (x ï 1)(x ï 4) = 0 

3. (x + 3)(x + 1) = 0 

4. (x ï 7)2 = 0 

5. (x ï 2)2 = 0 

6.  Impossible 

7. Impossible 

8. (x + 2)2 = 0 

 
It's possible to leave all the above in unfactorized form.  
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For the second diagram, we have equal roots if and only if b2 = 4c. Thus if b is 4, c must also be 

4, so region 7 is impossible. If c is 4, however, b could be ï4, and so region 5 is possible.  

 

Ideas for other eightïregion Venn diagrams? 

 

Overall description: all circles (x ï a)2 + (y ï b)2 = r2
 

Property 1: circle goes through (3, 0) 

Property 2: circle goes through (ï3, 0) 

Property 3: b = 4 

 

Overall description: all quadratic expressions ax2 + bx + c 

Property 1: remainder 1 when divided by x + 1 

Property 2: x ï 1 is a factor  

Property 3:  x ï 2 is a factor  

 

Overall description: all binary operations on the set of real numbers excluding  0 

Property 1: commutative  
Property 2: associative  
Property 3: closed  
 
Tricky!  Is every region possible here?  
 
And the list goes on... 
 

        
 
 
 
 

  

http://www.risps.co.uk
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Risp 11: Notes  
 

Suggested use:  to consolidate the remainder/ factor theorems  
 

Skills include: factori sing, proving  
 

Computing needs:  Excel file risp -11.xlsm available at www.risps.co.uk   
 

Sometimes less is more with risps. The activity above is simple, yet it proved happily effective with 
my first year A Level students. This starter provides good practice in the use of the remainder 
theorem with proving a conjecture as once again a motivating endpoint.  
 
I know thereôs something of a debate currently over the inclusion or exclusion of the remainder 
theorem from the Maths A Level syllabus; Iôd say as a remainder theorem fan that every serious A 
Level student should meet it somewhere on their course. Viewing the final result for this risp as a 
ótheoremô might be scorned as lofty, yet the proof of the remainder theorem itself can look fairly 
trivial at times, while it remains, I think, surprisingly useful. 
 

Level 1:  Suppose a student chooses 31 and 19 as their integers (the exercise will work with 

numbers that are close together, but if they are too close it is harder to work out exactly whatôs 

happening). Letôs say they then pick x3 + x ï 1 as their polynomial. 

 

Level 2: Dividing by ( x ï 31) gives a remainder of 31 3 + 31 ï 1, or 29821.  

 
Students can be encouraged to work with some largish numbers here, which increases the drama. 
 

Dividing by ( x ï 19) gives a remainder of 19 3 + 19 ï 1 or 6877.  
 

Level 3:  So Ra ï Rb = 22944, a ï b = 12, and 
12

22944 = 1912 exactly.  

 
Do we always get an exact division with no remainder? Students can compare notes on this and 
may well then wonder how to show this natural conjecture is true. It is easiest here to start with the 
general quadratic as the chosen polynomial.  
 

Starting with px2 + qx + r = f(x),  
 

the remainder on dividing f(x) by (x ï a) is  pa2 + qa + r,  
 

and the remainder on dividing f(x) by (x ï b) is pb2 + qb + r. 
 

So Ra ï Rb = p(a2 ï b2) + q(a ï b) = (a ï b)(pa + pb + q). 
 

So when  f(x) is a quadratic , (a ï b) is a factor of Ra ï Rb. 
 

When we do the subtraction, weôre going to get a collection of nothing but an ï bn terms. 

 
So surely the division will be exact  

http://www.risps.co.uk/
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if a ï b always divides exactly into an ï bn
 for all positive integers n. 

 

Is (a ï b) a factor of a3 ï b3
? Of a4 ï b4

? For higher n? 

 

One of the pleasing things about this risp is that the fact that a ï b | an ï bn  

 

(note: p | q means p divides q) 

 

is simply a consequence of the factor theorem; a ï b is zero when a = b, and putting  a = b into 

an ï bn gives zero, so a ï b must be a factor of an ï bn. Thereôs a sense of coming full circle.  

 

An aside: will the terms akbj
 in any factors of an ï bn always have coefficients of 1 or ï1?  

 

For example, a34 ï b34 = (a + b)³ (a ï b)³ 

 

(a16 + a15b + a14b2 + a13b3 + a12b4 + a11b5 + a10b6 + a9b7 + a8b8 + a7b9 + a6b10 + a5b11 + a4b12 + a3b13 + a2b14 + ab15 + b16) ³ 

 

(a16 ï a15b + a14b2 ï a13b3 + a12b4 ï a11b5 + a10b6 ï a9b7 + a8b8 ï a7b9 + a6b10 ï a5b11 + a4b12 ï a3b13 + a2b14 ï ab15 + b16). 

 

Thatôs 38 akbj
 terms in the four brackets, all with coefficient 1 or ï1.  

 

But try putting a105ï b105
 into a computer algebra package and asking for its factorisation...  

 
Sometimes the first counterexample to a conjecture is some distance down the line. 
 

        

  

http://www.risps.co.uk
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Risp 12: Notes  

Suggested use:  to consolidate/revise algebra  

Skills include d: changing the subject , graphical solution of equations  
simultaneous equations , solving a quadratic , manipulating  surds   

Computing needs:  nothing essential, a graphing program  is useful. 

Puzzles are all the rage. Buy a weekend paper, and a good percentage of the newsprint will be 
taken up with them (although we all know some problems will be more elegant to a mathematician 
than others). The students we teach are all able to appreciate a tasty conundrum, and indeed, 
what better way to invite them into mathematical conversations? For the teacher pressed for time, 
however, the difficulty is that seldom do puzzles of the popular type lead directly into syllabus 
concerns. The above puzzle tries to buck this trend by supplying a demanding algebraic workout 
that would be a genuine help to students studying A Level mathematics.     
 
How might we start here? Students sometimes lose confidence in the face of a novel question 
such as this. How many possibly equal pairs are there?  
 

It looks as if there might be 
6C2 = 15 possible equations, leading on to (6C2 ³ 4C2)/2 = 45 

pairs of equations.  
 

The idea of checking out 45 possibilities might make even the keenest mathematician's heart sink. 

But the good news is we can start to rule out lots of these quickly.  
 

Immediately we can see that x ï y is the only one of the six numbers that is negative, so it cannot 

be in a pair. 
 

Can x + y = y ï x? This gives x = 0, which is not allowed. 

 

Can xy = x/y? This implies y = ±1, which again is a contradiction. 

 

Similarly for xy = y/x. 
 

Can y/x = x/y? Again, the contradiction is clear. 

 
So the five remaining numbers fall into two groups, 

 

{x + y, y ï x} and {xy, x/y, y/x}. 
 

The first repeat must be x + y = one of the second set, 

 

and the second repeat must be y ï x = another one of the second set, 

 
so we have narrowed things down to six possible equations. 

 

What if x + y = xy? x + y is bigger than x, while xy is smaller than x. Another contradiction. 
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And if y ï x = y/x, we have the problem that y ï x is less than 1, while y/x > 1. 
 

So we end up with just four equations that might be true: 
 

1. x + y = x/y, 2. x + y = y/x, 3. y ï x = xy, and 4. y ï x = x/y. 
 

Much less daunting than the fifteen  we started out with. 
 
Where to now? We could bring in our graphing package to draw these four curves. (Asking 

students to first change the subject to either x or y in each case provides a chance for some more 

excellent practice.)  
 
What kind of crossing points are we looking for? We must have two of the curves intersecting 
strictly inside the green region: 

 
This is the scenario your package should draw: 

 

 
 

The red and the green curves are the only two to meet in our required region, giving 
 

x + y = x/y (or x = 
◐

◐
) and y ï x = xy (or y = 

x

x

-1
). 

 

Solving these together as simultaneous equations gives 2x2 ï 4x + 1 = 0.  



104 
 

Thus x = 
2

2
1- ( = 0.293é) and y = ã2 ï 1 ( = 0.414é).  

 
If your students are not completely algebraed out by this stage, they can put these answers back 

into x + y, xy, x/y, y/x, x ï y and y ï x, and check that they do indeed give two repeats. This 

is excellent surd practice. 
 
Another approach to this risp is to map out on a single diagram the ranges that the six initial 
numbers might fall into. 

 
 

We end up with just three possible combinations to explore: 
 

 

Multiplying the two equations in a. gives y² ï x² = y² (contradiction). 

Doing the same for b. gives y² ï x² = 1 (contradiction). 

Which leaves c. as the only viable option, yielding our unique numbers as above. 

 
What syllabus areas have we covered here? Changing the subject of a formula, the graphical 
solution of equations, simultaneous equations, solving a quadratic, manipulating surds, the notion 
of proof... not bad for one lesson. Maybe if the occasional exam question was a little more like this, 
weôd feel freer to spend more time on encouraging the kind of hard thinking this task requires. 
 

Strange fact : what are the sides of a right ïangled isosceles triangle of perimeter 1?  
 

If the sides are x, x and y, then x = 
2

2
1- , and y = ã2 ï 1. 

 

         

http://www.risps.co.uk
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Risp 13: Notes  

Suggested use:  to consolidate/revise the integration of xn 

Skills included:  definite integrals  
computing help on numerical integration including possibly the Trapezium Rule  

Computing needs:  Excel file  risp -13.xlsm available at www.risps.co.uk   
access to a graphing program  that includes area calculation is required 

This risp assumes that students have met the rule for findingñdxxn
  for all n not equal to ï1, 

and the idea that the area under a curve can be written as a definite integral. 

Level 1:  The risp starts by exploring the ubiquity of the number e in mathematics. Three very 

different situations in which the same number miraculously appears each time. The Excel file 
supplied allows investigation of the addingïrandomïnumbers fact, which is surprisingly little 
known.  

Level 2 /3/4: Your students can construct a table of values for n with their corresponding values of 

k. Drawing up this table can take a lot of time unless you use the constant controller/slider to find 

k. The following instructions apply to Autograph:  

Select the curve, right click, and you have the Enter Point on Curve  option available to you. Put 

two points on the curve, one at x = 0 and one at x = k. Select the two points, then use the Area  

option which you will find under Create  on rightïclicking. Which approximate integration rule do 

you want? How many divisions is appropriate? Now adjust k as required with the constant 

controller/slider. 

 

The final table might look like this (to 3 d.p.):  

 

http://www.risps.co.uk/











































































































































































