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Ri sp 1: Tri1 angl e Numb

Excel file risp-1.xlsm available at www.risps.co.uk

Levell: What do weprimeauounmbegr 6°?
An driargle number 67

Level 2: Pick two whole numbers a and b with a > b
both between 1 and 10 inclusive.

Say that Tn is the N triangle number. Find Ta and Tp.

What is the difference between Tz and Tp?
Is this a prime number?

For example, a =5

o and b =2
® o ®
® o ¢ o ©
o.o.o.o.o T,=3
T.=15

Difference = 15 - 3 = 12, which is not prime

Level 3: When is the difference between
two triangle numbers a prime number?

Level 4: When is the difference between
two square numbers a prime number?

Level 5: When is the difference between
two cube numbers a prime number?

Level 6: When is the difference between
two fourth powers a prime number?

2026 : Notes for
Contents ‘ www.risps.co.uk e
10
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Risp 2: Sequence Tiles

Level 1: Arrange some or all of these tiles to define a
sequence for n O irlias many different ways as you can.

n
Un = n )

Level 2: How do these different sequences behave?
Try to create as many different behaviours as possible.

Level 3: What happens if we add in the following tiles :

Un-1 Un-2

You may need to add in some starting values for u; and ua.

Level 4: Are there other tiles you can add in
to get other types of sequence ?

2026 ; Notes for
Contents ‘ www.risps.co.uk R e
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Risp 3: Brackets Out, Brackets In

Level 1: Pick three different integers
between 14 and 4 inclusive (0 is not allowed! )

Replace the three squares below
with your three numbers in some order  (no repeats! )

(x -+ D(Lfx+[D

How many different orders are there?

Level 2. Write down all these expressions,
multiply them all out,
then add all the results together.

Level 3. Take this sum i can you factorise it?

Compare notes with your colleagues
once you have tried to do this.
Do you notice anything?

Level 4:
Can you make any conjectures based on this?
Can you prove these?

Does it matter what your starting choice of numbers is?

2026 - Notes for
Contents ‘ www.risps.co.uk R e
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Risp 4: Periodic Functions

Level 1. Write down a periodic function
Now another... Now another...
Can you make your functions significantly different each time?

Level 2: Can you write down a periodic function with period 10?
And another? And another?

Level3: How woul d yperdedi oce?fandgti ond
What do you mean peyiodioftnbtien p@r i od of

Can you place a suitable function into each of the eight regions below?
Note that f(x) is an odd function if and only if f(i x) =1f(x) for all x.
(For example, f(x) =x3is an odd function ).

all functions f(x)
periodic

C &
N

1
-

Level 4: If you add two periodic functions
do you always get a periodic function ?

Given a periodic function f(x), call its period 'per (f(x))'.
Pick two different prime numbers p and Q.
If per (f(x)) = p, and per(g(x)) = q, what is per (f(x) + gx))?

Level 5: Suppose that f(x) and g(x) are periodic functions
Are the following statements always true, sometimes true or never true?

1. per(f(x) ® g(x)) = per(f(x)) * per(g(x))
2. per kf(x)) =k per(f(x)) wherekl 0 .

3. per (f(x) + gx)) = per (f(x)) + per (9&))

2026 - Notes for
Contents ‘ www.risps.co.uk [ 2
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Risp 5: Tangent through the Origin

You will need access to a graphingp rogram .
Level 1. Pick any number awith 0 <a<5.

Using your graphing program,
draw the graph y = X+ & (call this curve C).

Add the line y = kx (call this line L) to your page.
Level 2: Now vary k > Owith the constant controller/slider.
For what value of k does L touch C?

Level 3: Try this for various values of a.

How are a and k related? Can you make a conjecture?
Level 4. Can you prove your conjecture?

Level 5. Can you (in terms of a)
calculate exactly where L and C touch?

Level 6: Now pick any value for a, and any value for b.

For which values of k does y = kxtouch y = X2 + bx + &?
Where is this touching point?

2026 ; Notes for
Contents ‘ www.risps.co.uk e
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Risp 6: The Gold and Silver Cuboid

You will need access to a graphing program.
Level 1: Put the equationy = 8X31 px2 + gxI r
into your graphing program.
Now adjust P, and I using the constant controller/sliders.
Can you find positive values for P, and I' so that
the equation Y = 0 has three positive solutions &, band C?

Level 2: Note down your values for P, and I',
and your values for Q, band C, to at least 4 s.f.
Sketch on paper the cuboid with sides 2a, 2b and 2C.
Find V (= volume), S (= total surface area)
and E (= total edge-length) for this.

Level 3: Can you find a connection between P, and I and V, Sand E?

Can you prove this will always work?

Level 4: A cuboid uses exactly 10 cm of silver edging for its edges
and exactly 3 cm? of gold paint to cover its surface area.

What is the maximum V can be,
and what are the sides of the cuboid in this case? (to 3 s.f.)

Level 5: What is the minimum V can be,
and what are the sides of the cuboid in this case? (to 3 s.f.)

2026 ; Notes for
Contents ‘ www.risps.co.uk e
15
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Risp 7: The Two Special Cubes

You will need access to a graphing program.

Level 1: An arithmetic sequence is one where the terms Un increase by
a constant amount as N increases. For example, 2 , S, 8 ,

We say three numbers @, Dand C are in arithmetic progression
if they are three consecutive terms from an arithmetic sequence .

Show @, band C are in arithmetic progression U a + ¢ =2b.

Level 2: You are presented with two cubes,
one of side X cm, the other of side Y cm.

V is the total volume of the two cubes (in cm?3),
Sis the total surface area of the two cubes (in cm?), and
E is the total edgei length of the two cubes (in cm).

You are given that taken in some order
the numbers E, Sand V are in arithmetic progression
(This is why the cubes are special!)

What is the maximum possible value for y? (To 2 d.p.)

Level 3: If Y takes this value, then what is X? (To 2 d.p.)

2026 i Notes for
Contents ‘ www.risps.co.uk this Task
16
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Risp 8: Arithmetic Simultaneous Equations

1,3,5,7,9, 11..
116,15, 6, 17, 28, 39
/8,76, 74, 72, 70, 68...

Each of the above sequences is called ARITHMETIC;
the next term differs by a constant amount
from the term before it.

Level 1. Pick six consecutive terms
from an arithmetic sequence
and place them in order into the squares below.
Keep your numbers simple to start with!

X + Y

X + A 4

Level 2: Now solve the pair of simultaneous equations
youde created. What do you discover?
Compare notes with your colleagues.

Level 3: Can you make a conjecture? Can you prove it?

2026 i Notes for
Contents ‘ www.risps.co.uk [ 2o
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Risp 9: A Circle Property

You will need access to graph paper and compasses.
Geogebra filerisp-9.ggbavailable atwww.risps.co.uk

Level 1: Pick a number a (let's say as an example, a=12).

Now pick four further numbers, let's call them p, g, Sand t,
so that p and g multiply to &, and Sand t multiply to T a.

Then create the points (p, 9 and (g, 1).

So for our exampl eée.

p q product s t product
- 3 12 6 -2 -12
p ) q {
(4 , 6)1 (3 , -2)

Copy this diagram and write in your own values for your value of a .
The more different diagram s around the class, the better

Level 2: Now choosing suitable axes on graph paper,
plot by hand the point A = (p, 9 and the point B =(q, 1).
Using compasses, draw the circle that has AB as diameter.

Do you notice anything unusual about your circle?

Compare your circle with those your colleagues have drawn.
What do they all have in common?

Level 3: Can you find the equation of your circle? Does this confirm your findings?
Does using the Geogebra file help you here?

Level 4: What happens if you change your starting number a?
Can you make any conjectures? Can you prove them?

2026 : Notes for
Contents ‘ www.risps.co.uk e
18
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Risp 10: Venn Diagrams

All pairs of lines y=mix +c1, y=max+c;

meet at (29 1) are perpendicular

9‘5

one of the gradients is 3

Can you find a pair of lines
for each of the eight regions above?

All quadratic equations x?>+bx+c=0

c=4 bh=4

&

has equal roots

G2

Can you find a quadratic equation
for each of the eight regions above?

2026 . Notes for
Contents ‘ WWW.risps.co.uk this Task
19


http://www.risps.co.uk

Risp 11: Remainders

The remainder theorem says that if f(X) is a polynomial, then
f(a) is the remainder when f(X) is divided by (X T a).

So if f(x) is X2 T 14X + 2, we get a remainder of f(3) =i 31
when we divide f(x) by (x T 3).

Note f(x) = (xT 3)(x T 11)7 31.
Level 1: Pick any two integers, call them aand b, sothatai b> 12.
Example: 207 4 = 16.
Now pick any polynomial expression f(X) with integer non-zero coefficients.
Example: 3x?T 2X + 4.
A quadratic or cubic to start with...

Level 2: What® the remainder when you divide f(x) by x i a?
[Call this Ra].

Our example gives Ra=1164.

What® the remainder when you divide f(x) by x T b?
[Call this Ruy].

Our example gives Rp=44.

What® the remainder when you divide Ra T Rp by ai b?

Level 3: Can you make a conjecture here?
Can you test this? Can you prove it?

2026 - Notes for
Contents ‘ www.risps.co.uk this Task
20
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Risp 12: Two Repeats

In an idle moment,
Luke picked two numbers X and ywith 0 <x <y <1,

He wondered how to combine these simply,
so he wrote down the numbers:

X+ Y, XY, XIY, YIX, XT Yana YT X.

He realised to his surprise
that he had written the same number down twice.

To his further surprise,
he noticed he had written a second number down twice.

What were his starting numbers?

2026 i Notes for
Contents ‘ www.risps.co.uk [ 2o
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Risp 13: Introducing €

You will need access to a graphing program.
Excel filerisp-13.xIsmavailableat www.risps.co.uk

Level 1: What do situations a. and b. and c. below have in common?

a. Add random numbers between 0 & 1 together until the sum exceeds 1.
How many numbers do you need on average?  (See Excel file .)

b. Draw y = g together with its gradient function and vary p.

c. Draw the graph of vy =(1 + 1/X*.

Level 2: Pick a number between 0 and 3, call it n.
Draw the curve y = X" with your graphing package.

Define k as the number where the area between your curve
and the xi axis between 0 and k is exactly 1.

y=x"

k
area = 1
Find k for your chosen value of n to 3d.p.

Use the constant controller /slider to help you!

Level 3: Now vary n within the interval [0, 3]. As n varies, k varies.
Draw up a table for n and k.
What would a graph of k against n look like?
What happens as n tends to infinity? Will there be any stationary points?

Level 4:
For what approximate value of n will k be a maximum?
What range of values can k take as n varies?

Level 5: Can you use integration to explore this risp further?

2026 - Notes for
Contents ‘ www.risps.co.uk this Task
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Risp 14: Geoarithmetic Sequences

Excel filerisp-14.xls available atwww.risps.co.uk

Level 1: Pick two numbers between 0 and 1, call them @ and b.
Generate a sequence from these numbers as follows:

1. Take A as the first term.
2. Add Db to this to get the second term.
3. Multiply this by D to get the third term.

4. Add Db to this get the fourth term.

5. Multiply thisby Dt o get t he f

Level 2: What are the first six terms of your sequence?

And so on...

fth

What do you think will happen to the n' term as n gets larger?

What if you change &? Change D?

Excel or a brief program on a graphics calculator
Is useful at this point.

Level 3: What if we remove the restriction
that a and b must be between 0 and 1?

Level 4: What different types of behaviour
can a sequence like this exhibit as a and b vary?

Level 5: Can you predict what will happen
for any given a and b?

2026
edition

Contents

‘ www.risps.co.uk
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Risp 15: Circles Or Not?

You will need access to a graphing program.

Level 1: Type X2+ \y¥+ax+by+c=0
Into your graphing package.

Your package should make a = b = c=1 by default.
Set your graphing page to
so circles display as circles.

What do you see T anything?
Now increase a1 a circle appears!

For what value of a does the circle appear?

Level 2: Now type into the same graphing sheet

all the equations you can get by mixing up @, Dand C.

X2+ +ax +cy+ b =0,
X2+ y+ bx +ay+c=0...

How many equations do you have in total?
Level 3: Vary the values of @, Dand C.

How many circles can you get?
What decides how many circles you get?

2026 - Notes for
Contents ‘ www.risps.co.uk this Task
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Risp 16: Never Positive

Level 1: Write down a function that is never positive.
Call such a function NP.

NP means oO0eit her Meitgdoin anotherocAnd anothero. .

Level 2: If you add two NP functions, is the result NP?
If you subtract two NP functions? Multiply? Divide?

Level 3: Try to find a pair of functions (u(x), v(x)) for each region below.

Note that U(X) and V(X) do not have to be NP.

all pairs of functions (u(x), v(x))

u(x) + v(x) is NP u(x) - v(x) is NP

LR

u(x)v(x) is NP

1

Level 4: Pick two different functions from the bag below,
and call them U(X) and V(X).

Oe ~ Oe
= o = .
Oe hQ Oe

Fi rdjk)a n diQ).
Shofwmx)3 gi(x)i BIP.

L e/e

Level 5: Can you show f;(x) 2 g;(x) is NP
for ALL functions u(x) and v(x)?

2026 - Notes for
Contents ‘ www.risps.co.uk [ 2 o
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Risp 17: Six Parabolas

You will need access to a graphing program.

Level 1: Type the equationy = ax? + bX + C
into your graphing package.

Your graphing package should give  a, band Cthe value 1.
Now mix up &, band Cto give all possible orders.

For example, Y = b + cX + ais one possible order.

You will get a further five equations.
Type all six curves into your graphing package on the same page.

Your graphing package should plot Yy = X+ X + 1 each time.

Level 2: Now try varying &, D,and C using the constant controller/slider.

If &, band C are all different, you should have six different parabolas.
Do these six parabolas have anything in common?

Level 3: Can you find &, band C so that:

1. all the lines of symmetry are to the left of the yi axis?
2. all the lines of symmetry are to the right of the yi axis?
3. all six parabolas have two solutions for y = 0?

4. none of the six parabolas have a solution for y = 0?
5. exactly one of the parabolas touches the Xi axis?

Level 4: What is special about the vertical lines X =0and X =117
Can you explain this?

Level 5: Show that if &, band C are rational then any point
where a pair of these parabolas cross has rational coordinates.

2026 ; Notes for
Contents ‘ www.risps.co.uk e
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Risp 18: When does fQ equal f?

Geogebra file risp -18.ggb available at www.risps.co.uk

Level 1: Pick five noni zero numbers a, b, c, dand e.
Define f(x) = ax? + bx + ¢,and g(x) = dx + e.

If fg means & composed with g so that fg(x) = f(g(x)),
find fg(x) and gf(x) for your two functions.

Level 2: For your choice of functions,
does fg(x) = gf(x) for any values of x?

Level 3. Can you think of any functions f(x) and g(x)
so that fg(x) always equals gf(x)?

Level 4: Now define f(x) = px + g,and g(x) =rx + s,
where p, g, r, sare noni zeroand p, rl 1.

If fg(x) always equals gf(x),
what can you say about p, q, rand s?

Can you interpret this geometrically?

Level 5: If a, b, cand d are non-zero and

ax+1 cx+1
f(x) = Y+b g(x) = <+d° when does fg = gf for all x?

Level 6: Investigate other pairs of functions where fg = gf.

2026 i Notes for
Contents ‘ www.risps.co.uk [ 2 o
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Risp 19: Extending the binomial theorem

The task deals with real numbers throughouit.
Level 1: Pick an odd number K, with 10 < k < 100.

Take the numbers 1,71, and K,
and place them into the squares below in some order (no repeats!)

)

(CJ+[1x)

How many orders are there? Write down an expression for each order.

Level 2: Using the extended binomial theorem (if necessary),
expand as far as the term in X for each expression.

In other words, find the constant term,
the term in X and the term in X2 (if there is one).

Level 3: For what values of X
will all your expansions be valid at the same time?

Level 4;: Now add your expansions together to give A + BX + CX.

What is W Will this always work? Can you prove it?

Level 5: Can you write C in terms of A and B?

2026 : Notes for
Contents ‘ www.risps.co.uk e
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Risp 20: When does S, = Un?

Excel file risp -20.xls is available at www.risps.co.uk

For Levels 1to 5, Nis a positive integer while A& and d are real numbers.

Level 1: Say S, is the sum of the first N terms
of the sequence U1, U2, U3, ...

When does S, = U for the sequence 11, 9, 7, 5, ..?
Find all values of N (if any) so that this is true.

Level 2: Given an integer value for N > 1 and a value for @,
can you always find a value for d so that
Sh = U for the arithmetic sequence
with first term @ and common difference d?

Level 3: Given now an integer value for N > 1 and a value for d,
can you always find a value for a so that
Sh = U for the arithmetic sequence
with first term @ and common difference d?

Level 4. What if we look at the geometric sequence
defined by its first term @ and its common ratio I'?
When does Sy = Un here?

Level 5: Experiment with other sequences/series:
when does S, = Un? What if Up is periodic ?

Level 6: Try the Fibonacci sequence : when does Sy = Un?
What happens if you extend this sequence for negative N?

Level 7: What if Un is a polynomial function of N?

2026 - Notes for
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Risp 21: Advanced Arithmogons

Fill in the empty rectangles and circles.

A /@)\ B.Q

9 7

+ +
12
Two circles add to the rectangle between them.
C. f : ! D. S !
9 4
X X
12

Two circles multiply to the rectangle between them.

— —_—
[ L
Two circles create the fraction in the rectangle between them.

+ means 'from top to bottom'

30




G. H.

Jy-x=35 x+5y=11

points on line points on line

xty=17

The points in two circles are joined by the line in the rectangle between them.

d J.
6x-2 10x+?
x2-2x-3 x2-x-6
+ i I :f +
Partial fractions
K. L

& -Inx) | | e v2(3-x)

Product Rule Product Rule

x2+3x2In(x)

@— 4 (o))
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M.

-1
2x4

Quotient Rule

16x/5

15/4

Quotient Rule

Each of the circles contains a function of the form ax”,
where the three values for « and the three values for »
are all positive integers. Find the smallest possible solution.

+ means 'from top to bottom'

d
@{- o /)

e' Cos X e’ X

Product Rule Quotient Rule

x2+1 In(x)

+ means 'from top to bottom'

2026 - Notes for
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Risp 22: Doing and Undoing
the Binomial Theorem

Level 1: Pick three different positive numbers
fora, band c, whereb | ac.

Consider the binomial expansion

to i

mu A O Do
® I

Find p, gand r for your choice of a, band C.

Level 2. Pick three new positive numbers
for p, Jand .

Find &, band c for your choice (if such values exist).
How many possibilities are there for (a, b, §?

Level 3;

For what values of X are your expansions valid?

Level 4: What happens if your starting numbers
can be negative?

2026 ; Notes for
Contents ‘ www.risps.co.uk e
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Risp 23: Radians and Deqrees

You will need access to a graphing program.

J , radians?
egrees:

Level 1: Amy was working on a problem
using degrees to measure angles.

She needed to calculate the sine of an angle that
she knew was between 45°and 5C°.

Unfortunately...
Amy had forgotten that her calculator was in radians mode.

Fortunately...
hercal cul ator still gawsfg. the oOr]|

What was the angle?
Level 2: What® the nearest angle to this one (to 5s.f.)

that gives the same sine in degrees or radians AND
the same cosine in degrees or radians ?

2026 : Notes for
Contents ‘ www.risps.co.uk e
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Risp 24: The 31 Fact Triangles

Level 1: A 3i Fact Triangle is one
where exactly three of the following facts are true.

1.0ne sideis 3cm.
2.0ne angle is 90C°.
3.0ne sideis 4cm.
4.0ne angle is 3(.

How many 3i Fact triangles are there?

Level 2: Find the area and perimeter for each one.

Level 3: Rank the 3i Fact triangles you 6ve f ou
in order of size for area = A, and for perimeter = P.

Level 4: Calculate P/A
for each of your triangles.

Level 5: Now calculate P?/A
for each of your triangles.
What might this be seen as a measure of?

Level 6: Which is the more helpful thing to calculate,
P/A or P?/A?

S i Notes for
Contents ‘ www.risps.co.uk

this Task
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Risp 25: The Answer's 1: What's the Question?

Level 1:

y=a
y:a.x"

N
L/

x=1

Rotating Y = axX' between O and 1 about the xcaxis gives volume V1.
Rotating Y = axX' between O and @about the ycaxisgives volume V2.

If V11 V2 =1, find possible values for & and N.

Level 2:

tc y=px’tqx+r

The green area is 1 unit squared.
Find possible values for M, C, P, Cand I that might roughly fit this diagram.

: Level 3: y=ax3+bx2+cx+d/

fanY
P

1

6

The trapezium rule with five strips overestimates the area
under this curve between X = 1 and X = 6 by exactly 1 square unit.
The gradient of the curve is increasing over the interval [1, 6].

Find possible values for &, b, Cand d.

2026
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Risp 26: Generating the Compound Angle Formulae

You will need access to a graphing program.
Geogebra file risps -26.ggb available at www.risps.co.uk

Level 1: Pick two distinct whole numbers n and m between 1 and 10 inclusive.

Write down the functions Sin(nx), sin(mx), cosfix) and cosmx).
Put these functions into the squares below in some order (no repeats! )

»=(O)(O)(E)(E)

How many different y can you make?

Level 2: Draw each Y using your graphing program;
do you recognise any of these curves?

For example, based on what youd&e done, how will the function
sin A cosB + sin B cosA simplify, would you guess?

Level 3: Now put your four functions into the squares below
in some order (no repeats! )

»=(O)(O)-(E)([D)

How many different Y can you make this time?

Draw each possible Y using your graphing program i
do you recognise any of these curves?

Level 4: From this, can you conjecture general connections between
sin A, sin B, cos A and cOS B Test these out: can you prove them?

2026 - Notes for
Contents ‘ www.risps.co.uk [ 2 O
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RiI sp 27: A Par amet

You wil |l need access to a gr af

LevelUsilng a graphing pr
dr aawvhe curve given param
(X ,)=@+ 443I+(Ba X} +b)bt
What cdoyweis get a8awgl?u var

Levelf 2askedt Hios nfaameisl,y of
what name wo@l d you gi

-1 .
Howo f t egaizerms@r one of ?these

Fi mchy Pwamt s.
LeveboBhet obnoghiappens at one

whi cphoi nt Whadt hHihse? ITlaéue? of
Camnhis ewpeirntbeXiaxi ¢ he
LeveWhdt happemrsapihf you
X ,)=@f+t,cubi & in
with a wider range of ¢

Can you cnaockse®dap ?

-.1 -1
l nvestg gmagel oyromrew curves.
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Risp 28: Modelling the Spread of a Disease

Excel file risp -28.xIsm available at www.risps.co.uk

Level 1: A population is threatened by an infectious disease.

Imagine that the population splits into two groups,
the infected and the healthy .

Each year, the probability that a healthy person catches the disease is C,
and the probability that an infected person recovers isT.

| ni t i a boingto mwoeldl what happens to 10 people
over a period of 10years.
Let X = proportion of population that are infected .

We ostart with 8 healthy people and 2 infected people,
so at the start X = 0.2 (Year O on our Excel listis 8 Hs and 2 Is).

Wede going to assume that noi one in our list dies over this 10years
(for any reason, including this disease).

For each person for each year we will get Excel t aollGa sixi sided die.

If Excel rolls a 1 or 2 for a healthy person,
then they become infected that year (C = 1/3).

If Excel rolls a 1 for an infected person
then they recover that year (I = 1/6).

For everything else, there is no change. What happens as we run Excel Sheet 1?

Level 2: Can you model this situation with a differential equation?
Can you solve this?

Level 3: We can now ask Excel Sheet 2
to repeat our Level 1 exercise for 1000people.
(still with X = 0.2at the start.)
What happens if we plot a graph of X against time?
What happens as t = time tends to infinity?

Level 4. Can you model this situation with a differential equation
for the general case for Cc and r (still with X = 0.2 at the start)?
Can you solve this? What happens to the solution as we vary Cand r?

2026 - Notes for
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Risp 29: Odd One Out

For each triplet, try to think of ways
In which each member could be the odd one out.

For example, given the triplet 2, 3, 9

2 could be the odd one out because it is even,
and the others are odd.

3 could be the odd one out because it is the only triangle number.

9 could be the odd one out because it is composite,
and the other s are prime.

Triplet 1: sinx, cosx, tanx
Triplet 2: €, In X, X?

Triplet3: aRi+},(1-a37¥]
Triplet 4. cos(X), sin(X), cosx + sinx
Triplet 5: X, x2, x3
Triplet 6: (cost, 1 + sint), (t, t>+ 3), {, 3t)
Triplet 7: & 2 ¢ 2x)2, (1 + X) %, (2- x)*?
Triplet 8: secx, - 1, tarfx
Triplet 9: I, 1.0, 1.].K

Triplet 10:
r=i+aj, r=b{i-j), r=k+c(-i

2026 - Notes for
Contents ‘ www.risps.co.uk [ 2 O
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Risp 30: How Many Differential Equations?

You will need access to a graphing program.

Level 1. Pick four distinct whole numbers bigger than 1,
and call them a, b, pand q.

Write down the expression ax21 ax + b.
Call this Expression 1.

Differentiate Expression 1 with respect to x.
This gives Expression 2.

Expression 3is py + (.

Place Expressions 1, 2 and 3 into the squares below
in some order (no repeats!)

(L) &= (Do

Level 2: Find the general solution
for each differential equation that you can make.

Level 3: You are given the additional information
that (0, O)lies on every Level 2 solution.

Show that (1, 0)also lies on every Level 2 solution.

Level 4: Check your particular solutions using a graphing program .

Are (0, 0)and (1, O)on each curve?

2026 ; Notes for
Contents ‘ www.risps.co.uk e
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Risp 31: Building Log Equations

We are working throughout with real numbers here.

Youdbre given
where a, b and C are all positive numbers not equal to 1.

t en

log,

lOgb lOgc

a

_|_

b C

+

0

car

Level 1: Arrange some or all of the cards into an equation
that obeys the rules for mathematical grammar.

The boxes should sit in a line,
and you have to include at least one 'log' card!

In how many ways can you do this?
You can include brackets to make your equations clearer.

Level 2: For each equation,
say If it is always true , sometimes true or never true ,

given the possible choices for a, b and C.

If the equation is sometimes true , give
1 an example where it works, and
9 one where it doesn't.

If the equation is always true or never true ,
try to say why.

2026
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Risp 32: Exploring Pascal's Triangle

Excel file risp-32.xIsm available at www.risps.co.uk

1
19080
<1z6451

—
N |
=—h
N
(\®)
()

Level 1. What do you make of the following argument?

We know that °C; is 10, and 5 times 2 is 10.
So "Cr must be equal to ntimes r.0

Level 2: Are there any other (N, ) pairs
that give "Cy = nr?

Level 3: When is "C; closest to being Nr?

2026 - Notes for
Contents ‘ www.risps.co.uk [ 2o

43


www.risps.co.uk
http://www.risps.co.uk

Risp 33: Almost Identical

A flexible chain suspended from two points will hang in a catenary.

The equation of the catenary on the left

3 s AT GE= =

The curve is symmetrical in the yi axis
and has a minimum at X =0, y =1.

Pan
N

It was once thought that a catenary and
a parabola were the same curve,
but this was eventually seen to be untrue.

. Equation 1: y=coshx

So how close is a parabola to being a catenary ?

Level 1. Suppose our parabola goes through
(x1, coshl) with a minimum at (0, 1)

Which Xi value sees the largest yi value difference
between the parabola and y = coshx over the
interval [T 1, 1]?

Dy
1/

Level 2: Which Xi value sees the largest ? T 1 2
% Vi value difference between the two curves? -

B Equation 1: y=coshx
D Equation 2: y=ax=+b

Level 3: What if we ask the same questions
when the parabola goes through (0, 1)and (xp, coshp),
where 0 <p < 1?

Level 4: Suppose the catenary and the parabola

both go through (0, 1) and (10, cosh 10)?
How close is the fit now?

2026 ; Notes for
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Risp 34: Graphing Tiles

You will need access to a graphing program.

Level 1: You are given the following five tiles,
where Cis a number than can vary.

X ||y

C +

How many sensible equations can you make
by using some or all of these? (No repeats!)

Y

X

The tiles must lie on a straight line: Is not allowed.

Enter your equations into your graphing package.
It will give C the value 1 to start with.

Level 2: Now alter C using the constant controller/slider.

Are there any lines of symmetry
for any of your curves?

A straight line can count as a curve.

Level 3: Can you find a value for C so that three of your equations
give straight lines that enclose an equilateral triangle?
What® its area?

Level 4. Can you find a pair of equations representing curves that touch?
Where do they touch?

Level 5: Make up a question about this graphing situation
that you can challenge a colleague withé

2026 - Notes for
Contents ‘ www.risps.co.uk this Task
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Risp 35: Index Triples

You will need accessto a calculator and a graphing program

f =1.618033989...
e =2.718281828...
3.141592654...

Level 1: How many different numbers can you make by replacing the
squares in the image below with £, €and ~ in some order? (No repeats!)

(3-)

Level 2: Without using a calculator,
try to place these numbers in order of size.

T H TR TTHTH CHHT
TTOCHT T THITH CHHT

Level 3: If Kk =

to which of these powers of 10would you guess K is closest?

1, 10, 100, 1000, 10 000

Now check your answers with a calculator.
Level 4: Can you find three distinct numbers @, D, Cso that
(b¢)_ (ab)
a = C 2
Level 5: Can you find three distinct numbers a, b, ¢ so that

a(bc)= c(ab)= b(ca)?

Level 6: How many of the following six numbers can be equal
if &, b, Care all distinct?

L) (@b (e (P (6 ()

2026 - Notes for
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Risp 36: First Steps into Differentiation

You will need access to a graphing program.

Level 1: Open your graphing program and draw the curve Y = X2,
Now add the straight line y = mX + C.

Initially both M and Cwill take the value 1, and the straight line willbe Yy = X +1.

Using the constant controller/slider, adjust M to your chosen value.

Now adjust C until Y = MX + Ctouches the curve.

@9

Zoom i n

to fipnd t

We are not interested in  C here!

gradient = m

/

Record your values for Mand P
into a table like the one below.

Level 2: Repeat this several times. Can you see a relationship between M and P?
If you were to plot M (= Y) against P (= X),
what would be the equation of this graph, in the form y =f(X)?
We call f(X) the gradient function of X2,

Level 3: Now repeat the above, starting with Yy = X,
What® the relationship between M and P this time?

You could plot the points (p, M) from your table onto a graphing program page.

What® the gradient function of  X°7?

Level 4: Suppose we start with Y = Xl; what® the gradient function of x1?
Suppose we start with Y = )@; what® the gradient function of x0?

Level 5: Put your results into the table below. Can you predict how the table will continue?

2026
edition

Power of x | Gradient function
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Risp 37: Parabolic Clues

You will need access to a graphing program.

Your task is to deduce the values of a, band C
for the parabolay = ax¥+ bx + c.

There are four clues below to help you

(that may or may not be true):

1. The Yi interceptis (0, 13)

2. The curve goes through (3,72)
3. The curve has a turning point at

4. The line of symmetryis X = 1.

It& impossible for all four clues to be true together. Why?

(2, 5)

Level 1: Which combinations of three or fewer
clues enable you to identify

exactly what a, Dand C must be?

Level 2: Find the resulting parabola for each such

Level 3. Check your results by drawing your graphs

combination.

using your program.

2026
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Risp 38: Differentiation Rules OK

Level 1. You are given six cards:

X ||| )

y=[| ( ||exp

If you haven't seen €X] before,
the function exp(X) is identical to €~

In how many ways can you place them ALL
Into an equation that makes sense?
No repeats and none left over!

The cards must all lie on a horizontal line ;

IS not allowed!

Level 2: For each equation,
find y', and the value of y' when X = 1.

How many different y'(1) values can you find?

Here y'(1) is the value of y'(x) when x =1.

2026 ; Notes for
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Risp 39: Polynomial Equations
with Unit Coefficients

You will need access to a graphing program.

Consider equations of the form

X" = Xn'|'1_|_ Xn'|'2_|_ Xn'|'3_“ +1
where N is a positive integer. For example:

X*=x3+x2+x+1
X"=x0+x°+ x4, +1
xP2= x4+ x104+ %9 . +1
Level 1: How many real roots would you guess these equations have?
Level 2: Given f(X, n) =x"T x™17 x"27 x"3 .7 1,
draw Yy =f(X, N) in a graphing program for small positive integer N.

What happens to the curve as you vary N?

Level 3: Are there any points common to all the curves?

Level 4: Can you see the roots to f(X, n) = 0?
Can you find these approximately from your graphs?

Level 5: How could you find these roots accurately?

Level 6: What happens to the roots of f(X, n) = 0 as N tends to infinity?

2026 ; Notes for
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Risp 40: Perimeter Ratio

You will need access to a graphing program.

Q RSis 2 units, SPis 1 unit.

Q moves so that the
perimeter of the red triangle
S P is equal to that of the blue..

Set up axes with the originat R,

Level 1: What® the equation of the locus of Q?
What does this curve look like?

Level 2: What® the maximum possible value
for the area of triangle PQR?

Now Q moves so that the perimeter of the red triangle
is K times that of the blue, where K 1l

Level 3: What the equation of the locus of Q now?
What does this curve look like as K varies?
What® the range of values for K that give a curve at all?

! OAA [z~
Level 4: Whatcs! C\)A/S“ |,'=Iﬂ-/E

Level 5: What®& the maximum possible value
for the area of triangle PQRwhen Kk = 27

2026 i Notes for
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RI sp Musli ngs
Rich: pregnant with matter for laughter.

Starting: making a sudden involuntary movement,
as of surprise or becoming aware.

Point: that without which a joke is meaningless or ineffective.

Chambers Twentieth Century Dictionary
|

Rich: productive, fertile.
Starting : beginning, setting out.
Point: place or station.

Chambers Twentieth Century Dictionary
.

Introduction

Back in 2005, | was working as a maths teacher at Paston Sixth Form College in Norfolk. Surfing
the net one morning, | came across an announcement concerning Gatsby Teacher Fellowships.
Apparently the Gatsby Foundation (run by the Sainsbury family) made a number of fellowships
available each year to classroom teachers. Which teachers? Those who wanted to conduct a
sufficiently interesting curriculum experiment with their students over the course of one academic
year. Each fellowship came with a healthy budget attached. The application procedure was
admirably simple: an A4 page of introduction, an A4 page outlining the proposed project, and an
A4 page regarding the finances.

Not long afterwards | made my way to Gatsby HQ in Victoria for an interview. At that stage |
offered as my project RSPs (Rich Starting Points) - | thought this sounded like a good acronym.

@®ut an acronym has to be a word,bquibbled my friend Bernard when | ran it past him.

®kay, | etiRiss msaehplied. Gatsby gave me the thumbs up, and | got to work.

As a part-timer, Wednesday was my day off. Every week | used it to add another risp to my slowly
growing website. I@ been able to trial each of these with my students, so what | was posting was
effectively a second draft. By the end of my Gatsby year | had forty tasks up and running, and the

good news was that people were finding them useful.

What was my aim? | suspected (possibly unfairly) that much work in A Level Maths classrooms
was fairly routine, a diet that bordered on:

1 Lecture/Exposition, followed by

1 Examples, followed by
1 Exercises, that consisted of the same examples with the numbers changed.
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| 6ve heard t h&XXX mathes teachinghdd dh i & s w a s@hgone inte thg prdfession. |

loved exploring nice maths problems for myself, generalizing, conjecturing, proving, solving. That

was how I 6d really | ear nt Hhadneeanssomethimgtd me, andilkelt ng o
my students might learn best in the same kind of way. There was a time and a place for more

routine work, | knew, where understanding could be consolidated into a worthwhile structure, but |

felt investigative work would always be for me the key activity. T h a t 6 sreaWnfatheimaticians

did.

As | type now in 2025, the world of work looks to be precarious. The power of Al is only beginning

to be felt, and its implications for the future workplace can only be guessed at. People talk of

having at least three substantial careers across their lifetime. What® certain is that this workplace

will need people with curious, flexible, problem-solving minds that are able to adapt creatively to
whatever they are faced with. Students who like to be spoon-fed, who find open tasks threatening

and who wmtontta tway anything that the teacher has
already might find this new kind of workplace uncongenial. These students need to be encouraged

to be brave. It& in this spirit that these risps are offered to you; the mindset they require is going to

be vital in the years to come.

Why &Rich Starting Points &

This is something of a zeitgeist phrase (hopefullyi t h a secénte a gliehe). I1t& one with great
cross-curricular potential; this is what happened when | searched the Internet for drich Starting
Pointdin 2005...

Aeronautics:
Climbi out test: From a rich starting point, lean the engine
until the full climbi out has the engine slightly accelerating the blades...

Theology:
The act of being personal becomes a particularly rich starting point
towards the knowledge of God...

Music:
It is this sort of action, outwardly clear but made up of infinitely complex elements,
that provides such a rich starting point for much of the music herein...

Economics:
A sustained bull market would have a tough time getting a foothold
from such a historically rich starting point...

Architecture:
A spacious 1902 brick building provided a rich starting point
for this restaurant on Jackson Square which the jury recognized for its use of...
and similar examples could be found in the fields of:

Theatre, Art and Design, Photography, Literature, Genetics, Anthropology,
Geography, Information Technology, Biology, Social work, Psychology, Accounting...

2026 _
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Who is the risp e Book aimed at ?
Primarily those who prepare mathematics students for A level in the UK.

A level is taken here by students  who are generally between the ages of 16 to 18 .
The top grade is an A*. For A level Mathematics in the UK in 2025,
42.6% of male entrants and 40.2% of female entrants achieved grades A*  /A.
Mathematics was the most popular A Level in the UK in 2025.

If maths teachers in other countries, or maths students anywhere at any level,
or teacher trainers, or anybody else find this eBook useful, then I@l be delighted.

This eBook will judged on whether it directly or indirectly
touches real classrooms in a positive way.

(Almost) every risp I&ve posted here has been tried in my classroom
and refined in the light of this experience.

Every risp here leads directly into UK A Level Mathematics topics.
| hope these risps will enrich lessons
without being tangential to the main business of the classroom.
By and large, if a risp does not practise key elements of the UK A Level syllabus,
it& not been included.

Uses for a
Setsquare 1

Pythagors

Isn't this an old idea under a new acronym?

The idea that mathematics teaching should include, indeed, should be based upon,
open-ended, investigatory, problem-solving activities is as old as the hills.
Hopefully Plato would like whatb written here.
But maybe the most obvious truths are sometimes the most easily forgotten.
| 6m honestl y noinvented the wheehhgre,t o have
but | 6 nthismaterialwill help people use wheels in new ways.
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Perhaps some maths teachers have been less confident
about using this type of work at A Level than they were at GCSE,
falling back on more didactic methods for the 'advanced' material.
My belief is that it& no harder to construct and use this kind of open activity at A Level
than it is with GCSE, Primary or University work.

As for the acronym 'risp’, | have a love-hate relationship (that's an 'lohar’) with acronyms.
Theydr e yduekher&now what they mean (you're in) or you don't (you're out).
But they can act as a useful gathering-point for peoples' thinking.

I would invite you to live with the acronym 'risp’ for now.

Doesn't the acronym 'risp' exist already?

Indeed it does:

Reasonable Internet Service Provider
Rhode Island State Police
Robot for the Internal Servicing of Pipes
Recoverable Interplanetary Space Probe
Runners in Scoring Position

Receiver Initiated Shortcut Path

Maybe there's room for one more...

Uses for a Setsquare 2

Circle theorem

2026 _
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Are all of these risps original?
As far as | know, these risps, or at least the way they are developed, are my creations.
But the same thing has been discovered by different people independently
so often in the history of mathematics that it would be a surprise

if there wasnd an overlap with the thinking of other mathematics teachers here.

Maybe my unconscious will lead me to
forget to attribute an idea that I&ve picked up from someone else.

If you have a copyright worry about anything in this eBook, then please contact me here.

http://www.s253053503.websitehome.co.uk/mydirr/complaint.html

Uses for a Setsquare 3

They meet up Will they meet up?

How does using risps affect exam results?

l@d say 1 tds possible to get decent ex
by drilling students efficiently on routine tasks without building much longi term understanding.

In such a case, I@ guess that &knowledgedwond be retained for long,
and no one is likely to have enjoyed the process that much.

Can students attain a deep and | astin
through working on investigative tasks a

I guess if the preparation for the examin
then this might be possi bl ef amiultwianhirtdyhye a« omel
and how they are |linked together should no

Yomay un amteod ufcraotno rt i meh d ocslt @iave-l rkepacti vi t
is the silver bullet for maths | eavarniumdg,brern amldi
much more swiftlhywnawvd as@curadagliyi onal 6 mi
Aslsuch a ,pAresoywou sitn |IA hldeevbked b s go m
Cayodemonstoadaay t he whuytaiees sadvfobcati ng?
I f the answer is OYes teheedefyebkl| 9. t hen |
But othebwi sa@d ilowts.edsier to talk the tal

Ef fective risp teaching is much more demanding

But ttheal sb much more engaging and memor abl
The hopeusiisngt hriisspsstskid ffuddryl d £xarde s s

in all our students over mathematics tha

examination performance that every good cl
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| s everythiBaogki nhrubaPs e

Someone once Maotlids sneeb st haadtvi ce t o arti st
OExaggerate in the direction of th
I& in this SBopki hashbdeenhwsiéten.

Can | use this material as | like?

You are completely free to make itthey kwemr newn,ofare
your own QGniltywaytdwnknow your | earners and Tthhe& eco
a Word v eires iegBOm kafsakisai | ab |IRe s@Pm winh @ adatPwavg.er i sps. co
to enable you to copy, pasgteyadnud douiutsaelmias\esi tskpe &
get feedback (otho hkorwo w twlhwaeth mgpgacdérsvawrt o g ebss ry guth t wi)
publish material from this site, please contact

On t hat t Bamet itcltkede have to includeé

Risps: the legal side

These materials were written by Jonny Griffiths
possible by funding from Gatsby 2D0edé&h nResap o kEdiulria
the materials |lies with the author, and GTEP ca
materials or any consequences arising from thei

These materials are protected by copyright. You may use the materials freely for educational
purposes, research and private study.

If any institution wants to make this eBook available to its members via a network or shared drive,
thatodos fine.

Jonny Griffiths cannot negahelvee rceonpemuiatada <fi@nrui
editing by btbefsl es

Apart from the experiment outlined in Risp 1 Notes, Al has not been used in the writing of this
eBook (Al may have been used to proof the text and check or suggest certain things). In the
words of the Society of Authors, of which | am a member, this eBook is Human Authored. If there

are Al providers out there who wish to train their engines and models using this material, they are
free to do so.

Apart from the above, you may not for profit reproduce or transmit this content in printed form
without the written consent of the author. Requests should be emailed to Jonny Griffiths at
hello@jonny -griffiths.net All materials in this eBook are copyright Jonny Griffiths 20051 2025.

Contents d www.risps.co.uk
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Types of Risp

A risp may be used in (at least) three ways:

1 tointroduce a topic
1 to consolidate a topic
1 to revise a topic or a number of topics

An introductory risp is specifically designed to give a pathway into new theory. The hope is that if
students start to ask for themselves some of the questions that the theory is intended to answer,
theydl be better prepared for the exposition that®& to follow.

A consolidation risp provides good practice in the use of skills while attempting to answer some
wider question. This type of risp assumes some relevant theory to have been previously studied.
A consolidation risp will often be a good revision risp as well.

A revision risp is akin to a consolidation risp, but is likely to be more synoptic, drawing together
bits of theory from a range of topic areas. This means that careful consideration needs to be given
over when to use such a risp - are all the required skills yet in place?

The Notes generally begin with a suggestion about the most appropriate use for each risp. You
are, of course, free to disregard this suggestion(!)

How to write/ choose a risp
What follows are my tentative suggestions:

Everyone should be able to see the point of the initial question, and make a start, regardless of
their prior technical knowledge.

An element of student choice at the beginning of the exploration may be helpful: picking a number,
or a curve, or an equation. Students will then hopefully take ownership of their example and will
want it to Gucceedd

It should be possible to extend the risp, so that all students can stay interested in the situation.
Less confident students should find the risp generates accessible and engaging material
throughout, while stronger students should be able to ask harder and deeper questions as they get
into the problem. In other words, differentiated learning should take place naturally.

A risp should encourage fresh questions, divergent approaches, and open-ended thinking.

A helpful risp will practice key mathematical skills indirectly, that is, the key skills are needed en
passant to tackle the risp and are not simply practiced for their own sake. A good risp will stimulate
curiosity in the student: what if | do this?

A good risp is often synoptic, calling on the syllabus in its entirety, and rehearses insights and
techniques that the student will not have practiced for a while. This encourages the formation of
links between different parts of mathematics, which is a great aid to understanding.

It will often be the case that a risp will find computing power helpful, perhaps as a labour-saving
device.
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How might a risp fitinto a lesson?

Here® how | tended to use risps in my teaching (I offer this more as a springboard for the
imagination than as a strict formula).

| explained to my students at the start of the year that | wanted them to be prepared to think hard
about a fresh problem at the start of each lesson. Th ey wo ul dmughinitigl @eip witho o
these; they had to be ready to be creative self-starters from the word go.

My students often came into my classroom to find a risp up on the board already, or a sheet
waiting for them on their table. The risp needed to be clear enough so that students could get
going straight away. Words of welcome ran alongside getting student minds into gear.

Each risp from 1 to 40 is posed as a single page of A4 (except for Risp 21) which is hopefully
convenient. The tasks can be printed off in black and white without any problem (the colour used
within the eBook is for aesthetics only).

After the initial admin, | visited those | considered at the time to be the less confident students. Are
there words they d i dumdketstand? Are misconceptions emerging? (If so, good!) Could they see
the point of the question? (If not, the risp needed to be refined.) Ideally the risp created an
environment where students could freely discuss what they did and did not understand without
feeling threatened.

Now it was time for those | saw as the stronger students (membership of this group was open to
change). Hopefully theya@ have negotiated the start of the risp with relative ease. Now was the
time to challenge them with the tougher end of the risp, and to ask them to go beyond it.

Letd assume you have a full range of "ability' in your class. It might split roughly into thirds:
1 those you see as likely to get A*i A grades,
1 those likely to get Bi C grades and
1 those likely to get Di U grades.

A rough rule of thumb might be this:

/ High confidence
Moderate confidence

\ Low confidence

Class

1 st thif'd Immediately accessible to everyone

= Immediately accessible to the top two groups,
2" d th Ir d and moderately accessible to the third.

H Immediately accessible to the top group,
P 3I'd thlfd and moderately accessible to the second.

Which students you consider to be in which group may change topic by topic and as the year
progresses. Indeed, the beauty of teaching with risps is that if you underestimate a student, it
matters not; they can show you what they can do by working on the later parts of the risp. You
dond need to change the task to accommodate their change in confidence.
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What might happen after the risp?

I@ end work on the risp with a plenary, gathering together what® been discovered in a whole class

setting. This wasnd a lecture (guaranteed to Kill off student interest) but rather a joint construction
of the theory that emerged from the risp. | called this phase of the lesson Whole Class

Conversation. | was always aware of the need to improvise here. Although | had in mind the theory
| wanted to head towards, each class required me to construct a different route to my goal. | could
perhaps invite a student to address the class from the board. | tended to take notes on an

interactive whiteboard while my students watched and contributed.

Should students make comprehensive notes for themselves here? This often gave the illusion of
useful work, but while note-taking they often cut out from thinking. Sometimes looking afterwards
at notes my students had taken, | was shocked by how two or three slight errors rendered the
notes near to useless. Mathematics is so concise a language that this can often happen. We

arrived at a different solution.

| could now introduce related new theory that the risp didn@ immediately address. | found that
students quite happily accepted this part of the work with great concentration; the fact that they
had been asked to think independently at the start of the lesson somehow legitimated this more
teacher-centred part of the lesson. | saved these notes from the interactive whiteboard as a PDF
and emailed this to the class later. Each student thus had a summary of the theory, to which they

had contributed, that was unique to that particular class and that particular lesson. They could then

engage with these notes by underlining, highlighting, linking and so on to make them their own.

At this point a quick check on the new theory, maybe a handful of pretty basic questions, made
sure that students had truly grasped the basics. Profounder consolidation followed. This didné
automatically mean exercises from books; the kind of group work, often involving games, that the

Standards Unit promoted in 2005 was potentially ideal. Consolidation exercises can be exploratory

too. Homework, where students found themselves more on their own, would be a good time for
more routine questions (finding a website with really good multiple choice questions that the site
can mark for you makes a wonderful dent in teacher workload).

| came to regard group work as the most important activity in my classroom. The level was always

right; students discussed the work at their level. Every A Level Maths teacher will have had the

experience of earnestly explaining something for five minutes to a silent group, only for a

subsequent question from the floor to reveal that the explanation was way above heads i it had
beenat t he wrong | evel

How to choose the groups is another question.

0Get
perhaps.

A

How about,6 1 6 m g o

form groups? If people always sit in the same places, thené

Or a teacher can plan groups in advance

the choice has been made?

That

Gatiatyswhérd evelnyanp goetnibutesi t h

ng taoalpudbeB,ydy 1,
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I nt ohagthe @advantade of speed and simplicity, but you will get the same groups
each time, and they will be friendship ones. Not so easy on the less popular members of the class,

and

T which leads to student conspiracy theories over how

t
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| was quite a fan of using an Excel spreadsheet live on the board to produce random groups T no
conspiracy there.

| did come across one piece of learning research comparing learning within two groups:

M one of four friends, and
M anotheroft hree friends with one 6outsidero.

The conclusion? The first group enjoyed the tas

How much time would you gi ve to a risp?

May bfeor a fall | esson
f one trhiisrpd,
T one tehxiprodsi ti ohletde @c lsadnod §$ iovre d -blyeqmlue ski ons
T one tewxiprldoradmg gyl i.dati on

But of course, eveltyos eclsoar ifsramfdflee embove t hat
A good risp |l essontlas$ eacriiegretnt| ovo®HKsoaxyi,ttyhi s and

@ | ove otpenpuatct i viitsipss ilnitlboemy | essons, bu& | |
l@dsay fhgour risp is carefthehyi thoaenmanhdvatepttl

fol lToms® peflelalds t o more aut lmeatfitshoy nrdiesps tvaansd i wmag
The following diagram might help:

Play RlSp See
O Do
Link Manipulate
Get-a-sense-of
Conjecture Experience
Low .scaffolding
Reflect Plenary  Tax
G : Articulate
Theorise Record
High scaffolding
Systematise provided

Checking

R%iew @ Test

Consolidate Gr oup Master

Scaffolding

@ W()rk fades

Play : See

{} RiSp Do
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This brings together a number of constructs from the literature.
‘Scaffolding’ (Bruner, Wood and Ross, 1976)
The act of being there as a student engages with a problem,
and then allowing the student to build a structure for themselves with support,

and then fading into the background once the structure is in place.

'Seei experience T master' (Floyd et al., 1981)

Initial seeing by the student tends to be superficial,
growing to a more engaged experience before moving to a mastery
where the details become of less importance.

'Manipulating T Getting T al sense of i Articulating' (Mason, Johnston 1 Wilder, 2004)
When beginningl abeaakmahepel ation of o
that could be physical, symbolic ol
As the investigation of the task cont.i

that underlying patterns and relations
When they truly édolwnb et haeb Itea stko, a&rmteiyssli anti ¢ aw lea
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ANVould you sow mathematics without ploughing first? 0

TeaclsBi mgten compared i nTmhme& mi Imed whythhmaoimi nhige a
t hat matches the rhythanurofanrwealedaxamiroemadl tys arr

harvBst .our | essons needptoubghbivega sbowi hg, tgoow
What place does a ribBagprneprveugh bbtdanbabomgikfigho
suchhang is akiwhool abechesaceraight into unmot
| essoonnl,y to experi encteonyh eglUr® iusmtgu.dae mtisspasgprsepares
stirring up the groupSandenndutakg a wbkbcketiwoigyg
they de@, atrlgeilbercafnitt s

Using a risp: what can go wrong...

dt's too difficult! 6

|l t6s often said that teachers tend to have expe
honeasco mmon pr caml rtmo | wirwehd avirng pi mmedi ate expect
studentwe et Hawto high. This delicate bal anocnee bdeatywe
achieve great t hjanngds kinno wnantghreenhabttisctist c t o expect
particular | esson,ien wtehHhils exarmrteisseldan ndayh e quot e
The most i mportant feature of a task is that it
That is, it does not appear to be trivial, nor

Tasks which demonstrate to | earners that they a
wonders for building their confidence; on the o
to be well within the | ea&r ser’ byajpdeiml issn dnostea v
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may demotivate rather than inspire. A great dea
|l earners and the teacher.

John Mason and iSMid dlkeahnston
Designing and Using Mathematical Tasks,

Il n my experi evecee ,f asrt undoernet sl i kelvgs bo bbampgl ahanat

d love it when my students are investigating for themselves... 0

Year s negumyfocol l egeeédrs schools had a maths teache
i nvestigati ons hissteu dvearst s olpauM ead e kh ame d welstsso nast, tbhhud
year wer &€ atae rtreiabclhee.r becomet hcaira s ® dd awagn @®@&sni nt C
this engrossment become an end in itself, overr
and schemevook? | t0s iIintoxicating when yowaul dbtetuldie
a danger someti mes?

The phrase '"teacher |l ust' has been coined to de
and unhel pful desire to explaiCoué¢detpebrendefbin
"risp lust' & wherlkeanttacdlerow his students to
that they never really form a systematic coll ec
Yes, | believe that the spirit of investigation
cl assroom. But the results of that i1 nvestigatio
or el se our students will do nothing each |l esso
away each night by the tide

How many rich tasks should a teacher be ¢
Probably more than most do now.
Probably fewer than most will I ikely w

Gary Flewelling with WahldbamkHioggiRnsbdnlearning

dHow should | present this risp? 0

At weak i n approach can bring a question to I|ife
to an open question will accomplish this. But e
right gwdayh.atl tfi nal sprinkling of parmesan that
whi ch draws one i n.

TakRei spThlee original version of this asked:

When is the difference between two triat
As stated this is rather a closed question. It o6
"pri me’ has to be attached to "difference' whic
number' wi || be a | ot mor e acvcee s'spirbilnee 't oo ns tiutdse n
need to recall the meaning ofl s ttrhiasl@jinwsetmatmda r '

evenpof®ing

After working with a couple of c¢classes, the ris
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Pick two whole ndmmdr@noledt sveea, adadidcall t h
Say tlhiag NiAter i ang!l e.Fhaldhd e db.

What is the difflearnedb®es| i dhtiwean pri me numbe
When is the difference between two triangl
When is the difference between two sqguare
When is the difference between two cube n
The first |Iine is now a task thatiamgpdsbudémgt c
experiences a feeling of partinel camccake @anmwatyhi
l ine |l eads students gently into algebra while t
next | ine asks for diagrams, which must be a go
t oo Then comeé the i eeasiobna prime number, at
make sense of the main question. This can then

o -
=
- o
-h =

e are manwweticmene whe®sel to discarding a risg
erent way into the question can revitalise
| like this quotation attributed to John Mason:

d here are no rich tasks, only tasks used richly

| guess thatoés wheads | poms s ialli eudsity-endueirglof tasks with mo s t
teaching that is unrich. But the rich teaching can be implied at least in part by the way the task is
presented on the page.

Orhe algebra is getting horrible here... 0

The textbook exercises that our students have g
numbers 'work out nicely'. This is not quite wh
have the advantage that studkkaeaies nteaann tc otnoo ene rlae
demonstwiatthonwgt grappl i ng with e xepaseostsyiwintsh tshuartd <
refuse to siWhpelwief yastka ppuirl ys.t ud e nhoswetveehealee aomre @&
guarantees of numerical serendipity. They may w
given the openness of the problem, they may hea
may have a simpl e sorlluy iomoiwd dd, jluuti ciifoust wedent
Tree A (the one tlhaussaeems$ ealbhieosy they may gi v
headaBhepi 25a cas in point:

Level 2:

4 +c y=px’+gx+r

Find possibl®,vaC aerdpP.f or(
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There are routes here that will end up in a bli
or O0suggestmaeamsd questions in any shape or for m,
asking students to use the completed squaawl dver
cut down the algebra enormously).

The onubBotlheowriidped t htee arctheeprensur e t hat the | es
are givensdrauaanaefreldl ypening that enswmirsgmiidg isadf e

moments. Maybe the choice of numbers or ?tanot he
words, effective early scaffolding needs to be
d am not confident with the maths on this one... 0
We are told endlessly that the nation is short
efforts to addresdMEtt hiTeatachg Advapcpgdtehat hevime tr
teachers who have not taught beyond GCSE before
step up to teachsi ncgerA dienviey .t rNwenX M easts otnh @ st r sdif
fl edgling A Lev &l s$preadCheeiicCke mawnl ikdhatdi of | esson.
Should someone whose background in mathemati cs
i mprovisation a risp involves? | guess some ris
teach a riwhi mbhnedprepar ateigolh reeedmteai nly t hink
"traditional' | esson i slfhbettherritdimng @ae  adf f rtilse
teacher does not have the experience to get it
and unhappy. On the other hand, a series of | es
surelyobbrefmyour students to death eventwually.
in everybody's teachilhgptocé&eepaltiheeeducati ona
| t h& nkeriftect |l y iyno wrr wWeadn ttssh, osud Wy e endvegrouddne th
with a grarlhpmylbeffoaele.speci al a@n dt thee doaagdivda magl iHi
trul ywesanyevier comd eswtonofseairnigspg he activity in
Students al ways suggest different facets to the
hungry to see what will be sugagelsdbeadhianAnedc tiifo ulsd

Contents d www.risps.co.uk

65


http://www.risps.co.uk

Risps and Technology

Virtually whatever | type about technology wil!/
march moves on in | eaps and boundsBufhdt haifgds tner
bel amtehe packages that latt hihekfmmimgtnte be wuwuasek sl |
wi || have a free version that you can tr aahki |deow
somet hemny be harard wiol If i maled ft oy obue apraei datf carg uin e
you may fihdcemate ctbheeres maw.be wesbo nvee rosfic @awhsi lxtho
i li sed on Ree nsenmabretmpaitoybet.t hiesagse si mpl y paecent iavnidt i

ut i

and wonodét need the heavy artillery. Be aware to
thinkiagobtard idroaobleexmlmpdys try to predict what
bef go@ press O6Enter 6.

Graphirmgrmms

T Autogf(mphgraphing program of choice)
1 Desmos

T Geogebra

T Omni graph

Whatever you use, 6flometeidleddet adbkd iyogutoacioakmr es
your egquations dynamically by Yosrpatkpgealsosidedsder or
ideally to be able to graph implicitly defined functions and to draw the gradient function of a curve.

Computer algebra systems
1T Deri ve
1T Geogebuarembryoni c)
T Mapl e

Notweal cul ators with CAS buil' in manmEaB mMsurrent

Cal cul ators
Graphical <calculators whtlrahl swmpba poogtamscu

Programming
T VBA within Excel
T Pyt hon

Spreadsheets
T Excel
T Geogebra

Dynamic geometry
T Geogebra

Onl ine Engines
T Wol fram Al pha
1 ChatGPT

| 6ve spent my entire career working within a Wi
there can adapt WhiseBdblsis desgnee primarify foi useyon a desktop or
laptop computer, but it will download onto a smartphone and the links should still work.
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Many of the risps use some choice of graphing program. How to organize this?
You could
1 teach a whole class lesson using a projector with student contributions from the floor, or
1 get your students to use a graphing program on their phones, or
1 goto aroom with a class set of computers, or
1 book a class set of laptops.
Some of these suggestions may be i mpractical

classroom for a while) but graphing is such a fundamental part of Maths A Level that your students
will have to have regular access to it somehow.

Associated ¢ omputer files -available at www.risps.co.uk

Some orfi gpheeupperted by a compUherebsl a of ssomé
wi t

pl easet h®eacdur i t ys AAdtyvei stpee cri ead d rgdhiengexcel f il es

risp-1.xlsm : Excel file with macros: Triangle/prime numbers
risp-9.ggb: Geogebra file: Special circles

risp-13.xIsm : Excel file with macros: Adding random numbers
risp-14.xls : Excel file without macros:  Geoarithmetic series
risp-18.ggh : Geogebra file: Exploring  fg = gf

risp -20.xlIs : Excel file without macros: Exploring Un, $h
risp-26.ggb: Geogebra file: Generating the compound angle formulae
risp -28.xIsm : Excel file with macros: Dice simulation for illness spread

risp -32.xIsm : Excel file with macros: Exploring ~ "Ci

=2 =22 =4 45 -5_9_-°

Security Advice

There are sadly lots of scammers out there who will try to get you to download dodgy files from the
internet. Some file extensions are nearly always safe; it& virtually impossible to make a GeoGebra
file malignant. The same is not true of Excel files that contain macros; there are security issues
here. In the hands of nefarious people, a macro can hide code that could cause you or your
institution harm.

You are advised to only download the risp files above direct from my risps site at www.risps.co.uk
where they should be 100% safe.

If youd@e working for an educational establishment, your IT Department may well give you advice
on how to make these files usable in your classroom. They will be wary about Excel files
containing macros, and you may have to make a case.

At my last college, | was given a special folder on the college network; any file inside the folder
could run without a problem.
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This might work for you: create a new folder called risp downloads . Open a blank Excel file and
now click on

File T Options T Trust Center i Trust Centre Settings 1 Trusted locations

and make risps downloads a trusted location. Download the risp file and find it in your Downloads
folder. Copy it into your risp downloads folder, and it should run without problems from there.

If you have trouble,se ar chi ng on the net f or O¢yRldelpfuladvige an d
which should be up to date.

Any code for macros in these risp files is protected with a password.

Ri sp fiactee ssedes DierlOB)y

Underground Mathematics

Written by a team who thought extremely hard about task-creation. The open, investigatory activity
is celebrated here. There are also a range of past exam questions with useful notes. | have to
declare an interest; | worked part-time as part of Underground Maths for around a year.

Nrich
A brilliant collection of materials for all ages, with a strong A Level section that& carefully indexed.

Stem Mathematics Library

Collected together here in a national library are the best resources freely available for STEM
subjects. The link here takes you to the 16+ area. This library hosts some of my materials.

TES Teaching Resources

This site collects together a huge array of resources, some to buy alongside others that are free.
There® a way for users to give feedback, so good resources are easy to find. Some of my
materials can be found here.

Mathigon

One of the most attractive sites out there. Beautifully programmed by Philipp Legner, | find every
visit results in finding something new and creative. Not strictly A Levelbutcou |l d exci t e yc
studentstageanynw their careers

Inteqgral

A huge professional website to aid the busy A Level Maths and Further Maths teacher with all the
resources they might need. Thoughtful multiple choice questions supply meaningful homeworks

that are automatically marked. Every part of the site has been thought about reallyh a r d . | 6ve
written some of the rich mathematical tasks for the Further Maths areas.
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Proje ct Euler vu u o i i i i i i i e e e o o g

If you want to improve your programming skills, this site has a wealth of stimulating maths
guestions to get your teeth into.

Technology for Secondary/College Mathematics

Any rispi friendly site is bound to be found here. A wonderfully comprehensive collection of links
maintained by Douglas Butler (who conceived Autograph).

Risp books

Some of these may no longer be readily available, but then, we live in an age when tracking down
secondhand books has never been easier.

Starting Points, C.S. Banwell. K.D. Saunders, D.S. Tahta
Wise and handsi on. Where this site began. Tarquin 1986 ISBN 0906212510

Whatever Next? ldeas for use on A Level Mathematics Courses
An ATM activity book, written by a number of teachers. Lots of excellent ideas, helpfully
presented. Encouraged me to experiment for myself. ATM 1988, ISBN 0900095725

6th Dimension, Developing Teaching Styles in A Level Mathematics,
Editor: Laurinda Brown

A wealth of rich and open possibilities for inquisitive mathematicians.
Resources for Learning Development Unit, Bristol, 19861 1988, no ISBN

Proofs and Refutations, Imre Lakatos

Effectively argues for a rispi based approach to mathematics, rather than a deductivist one. Some
tough material at times here, but the start is fun, accessible and compelling.

Cambridge University Press, 1976, ISBN 0521290384

Designing and Using Mathematical Tasks, = John Mason and Sue Johnston T Wilder
Written for the ME825 course Researching Mathematical Learning, run by the Open University.
Provides an excellent philosophical framework for the construction of classroom tasks.

The Open University 2004, ISBN 074925534x

Improving Learning in Mathematics: Challenges and Strategies, Malcolm Swann
Outlines the philosophy underpinning the Standards Unit material for teaching A Level
mathematics released in 2005. A range of ways to breathe life into your classroom.
DFES 2005, Crown Copyright, ISBN 184478537x

A Handbook on Rich Learning Tasks, Gary Flewelling with William Higginson

Subtitled 'Realising a Vision of Tomorrow's Mathematics Classroom.’

Warm and accessible. Full of pithy philosophy concerning the use of rich tasks in mathematics
teaching. Especially strong on assessing rich tasks.

Queens University, Ontario, 2001, ISBN none, available from the AAMT (Australian Association of
Mathematics Teachers).

Solving Mathematical Problems, Terence Tao
A masterclass in tackling mathematical problems from one of the best mathematicians in the
world. OUP, 2006, ISBN 9780199205608
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Discovering Mathematics; the art of investigation, A. Gardiner
Tony Gardiner was a fiery maths educator who made a massive contribution to widening young

peopl ebs experience of maths. This book offers

right for A Level students.
OUP, 1987, ISBN 0198532652

Teaching A Level Maths, Rob Southern and Susan Whitehouse
An inspirational book by two passionate A Level Maths teachers who both have websites
containing stacks of valuable free resources. 2024, The Mathematical Association, ISBN none

With thanks toé

A huge thank you goes to Bernard Murphy, my main Gatsby Mentor for my Fellowship year, who
took the trouble to visit my classroom twice in that time. Bernard also worked each risp thoroughly,
giving valuable suggestions, and he was always on hand with encouragement at every stage.
Bernardds influence canofthieeBdok.t ect ed on every

My further thanks goes to Susan Wall, my other Fellowship mentor, who gave me especially good
advice over using these risps with less confident students.

Lisa Berelian-Page, Sue Robinson and Charlie Stripp interviewed me at the start of this project,
and lén grateful to them and the Gatsby Foundation for their warm support throughout.

| am indebted to Rachel Bolton, my Head of Department at Paston College, for 2005-6; the way
that Rachel was so in tune with what | was trying to do made everything easy.

When using these tasks while teaching at Frome College, | was given unwavering support by Julia
and Russell Cole, who ran a brilliantly happy mathematics department there.

| 6m most g rAasoaafion of TeaaherstohMathematics. Resources like these are never
written in a vacuum and at the ATM I&e always been challenged by a range of inspiring maths
teachers. The ATM journal Mathematics Teaching ran a risp in each edition for many issues. My
thanks goes to Margaret Jones, the editor over that time.

In 2010, the Times Educational Supplement commissioned a major revision of my risps site,
involving a move to PDFs for the Tasks and Notes. This was a notable improvement and 1an
grateful especially to Elli Karaolou at the TES for her help and advice.

Ién also immensely grateful to Alan Fry (father of Stephen) who kindly prepared the original PDF
eBook of these pages.

| would also like to thank the many people who gave me more general feedback and
encouragement: in particular, my thanks goes to Alyssa Rowlandson, Andrew Blair, Anne Watson,
Bill Higginson, Bob Burn, Claire King, Colin Foster, Derek and Barbara Ball, Douglas Butler,
Francis Chalmers, George Wellen, Hannah McWattie, lan Short, Jamie, Jayne Stansfield, Jim
Smith, Joan Ashley, John Mason, Judit Subirachs-Burgaya, Laurence Satow, Liz Beel, Lynn
Wilson, Mark Cooker, Mike Ollerton, Oliver Gray, Patrick Dunn, Peter Brayne, Richard Peters, Sue
Cubbon, Sue Pope, Trevor Hawkes and Ronnie George.

| would like to say @hankyouét hr ee f i nal ti mesé
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1 to those teachers who made A Level mathematics come alive for me when | was a young
student at Dulwich College, especially Steve Russ and Ray Payne.

1 to my students at Paston College and Frome College, who worked hard on these risps in
their initial and subsequent incarnations, and who played a vital part in their refinement.

1 to Meg, my better half, for making these pages possible in lots of different ways. | only hope
| can support you half as well when it's your turn to write your own eBook.
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About the Author

Now retired, Jonny Griffiths taught mathematics at Paston Sixth Form College in Norfolk for over
twenty years. It was there he was a Gatsby Teacher Fellow for 20051 6 and built the Risps
website. He also taught at Frome College in Somerset, St Dominic's Sixth Form College in
Harrow-on-the-Hill, St Philip Howard 11-16 comprehensive school in Tower Hamlets, Islington
Sixth Form Centre, and Great Walstead School in West Sussex.

He's studied mathematics, computing and education at Cambridge University, Imperial College,
the Open University and the University of East Anglia. Possible claims to fame include being a
member of Harvey and the Wallbangers, a popular band in the 1980s, and playing the
character Stringfellow on the television programme for children Playdays.

He® also worked for Underground Mathematics, MEI, Integral, Dorling Kindersley, York,
HarperCollins and Hodder on creating mathematics resources. He was the originator and first
author of the A Level Maths competition Ritangle in 2016, which has run every year since. He was
for some years a Holgate Lecturer supported by the London Mathematical Society. He& written
many articles for the Times Educational Supplement and other journals on the topics of maths and
maths education. A full list of his published work can be found at www.jonny -griffiths.net

He and his wife Meg now live in Frome, Somerset, where their local food bank Fair Frome does
fantastic wor k. Bofoky oourd vaen yf ooufn dJ otnhniysé se ot yoe r
generously want to recognise that with a donation, then sending a few pounds in the direction of
Fair Frome_would be a great idea and much appreciated.

Jonny's email: hello@jonny -griffiths.net

Jonny's home website: www.jonny_-griffiths.net
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Sister site 1: www.making-statistics-vital.co.uk Sister site 2: www.carom-maths.co.uk

A collection of A Level Statistics activities. A collection of activities bridging from
Click here. A Level Maths to University Maths.
Click here.

X

x Y
~|é)/ XX '
4 X X=X X X =
T X

Sister site 3: www.further-risps.co.uk
A free ebook of tasks for Further Maths A Level.
Click here.

Further
Risps

Rich tasks for the
Further Mathematics
A Level classroom

Jonny's free ebook on proof
The Proving Ground
is available from the ATM.

Click here. : :
Bacukp | ink if

becomes out

The Proving (

Jonny's free ebook of lesson starters
Digitisers is available from the ATM.

Click here.

Bacukp I ink if
becomes out

Di gitisers

2026 _
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Ri sp 1: Not es

Suggested use: to introduce/consolidate/revise ideas of proof

Skills included: constructing a mathematical argument
use of logical deduction

Computing needs: Excel file risp -1.xIsm is available at www.risps.co.uk

A mat hematician candt help but see thingstoodi ff e
brief visit to Barcelona some years ago:

Monument to Francesc Macia, Place Catalunya, by Josep Maria Subirachs

Do you sense a piece of mathematics trying to emerge from this statue? | got back to the hotel
and started to sketch a few staircases.
_’_,J 2XT7-2XTs=

2 X (rectangle number)

o

2X T

2XT7-2XT3= r,_rr
2 X (rectangle number)

In other words, Tnh+ml Tnis going to be a rectangle number (a composite number)i e x cept é ?

When might these diagrams fail?

LeveAl L:thatodos required for this risp in terms
9 6prime numberd (a positive whol e lpaodnber wi th
T 6triangle number (a positive whole number t

0
other words, a number of the form = 1 + 2 N for soe N)+
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Level 2/3: How might students systematize their work on this? Maybe some will create a table to
show the various differences;

T,

10 15 21 28 36 45 55
9 14 20 27 35 44 54
7 12 18 25 33 42 52
4 9 15 22 30 39 49
0 511 45
40
34
27
19
10

=R
S N W
S W&

The primes seem to fall close to the main diagonal...

"So the only chance for Tn+m'|' Tn to be prime isif Mis lor 2? o

Can we find an argument to back this up? This proof-without-words works well:

.o.o.o.o.o x.o .o.o

The bottom row can be prime, the bottom two rows can be prime, but try to take a larger number
of rows, and you will always get a rectangle number.

What do our Barcelona diagrams look like here?

2XT7-2XTs=2X7
J_I‘IJJ so T7 - Ts =7 (prime)

I

o

2XT7-2xT5=2X13
so T7- T5 =13 (prime)

B g g in ttﬂI}Pfr(brangllae fnambteme i s hel pful. I f your
t e

ringin
hen they might emerge with this:
b = 0 - = = L] = ]

Tn+m T Tn = - | -

which can only be prime if m =1 or 2.
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Level 4: @21 b?=(a + b)(ai b), which is only prime if
a=Db +1,and 2b + 1is prime, which is certainly possible.
A related question: if Pis a prime, whenis P + 4 a square?
Level5: a1 b®=(a?+ ab + F)(a1 b), which can only be prime if
a =Db +1 (when (@2 + ab + I¥) becomes 3b?+ 3b + 1) and 3b%+ 3b + 1 s prime.
This is certainly possible (try 2= 11, b = 10to get 331, which is prime)
But it might not happen (try @ = 13, b = 12 to get 469 = 73 67).

Level 6: My thanks to Bernard Murphy for pointing out

that the difference of two fourth powers factorises neatly showingt hat it s never
a*i b*=(a*1 b?)(a*+ b?) = (ai b)(a + h(az+ k).
Note also that @P4T P9 where P, g >1is never prime since
aPay| pPa= (ap T bp)(apq'l'p.p apq'l' 2p b° + é + pq'l'Fb_
Postscript:

When is the difference between two triangle numbers a prime number?

| 6 ve jthisento CatiGPT (November 2025):
the answer was (fairly) swift and (moderately) accurate.

Conclusion

The difference of two triangular numbers is prime iff their indices differ by 1 or 2:

e Thi1— T, =n+ lisprimewhenn + 1is prime (e.g., T5 — Ty = 5).

o Thio— T, =2n+ 3is prime when 2n + 3 is prime (e.g., Tg — Ty = 11).

In all other cases the difference is composite.

Not a bad effort, butt h e o6 i fnbtdalichlgguess we rmust tell our students that this task is
designed to help them develop their own problemi solving skills, so they should try it without Al
first. In real life they might well reach for Al to help make quick progress, but for the sake of their A
Level Maths and beyond they should first try to think things through for themselves. Using Al to
check what they&e done afterwards seems to me by and large fine (although everyone should be
aware that Al does not always get maths answers right).

2026 ; Back to
Contents ‘www.rlsps.co.uk A
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Risp 2: Notes

Suggested use: to introduce/consolidate/revise sequences

Skills included: convergent, divergent, increasing,
decreasing, oscillating and periodic  sequences

defining a sequence, as the N term in terms of n,
and as the N term in terms of previous terms.

Computing needs: nothing essential

Level 1: My students looked at these tiles and wondered what to do. They began to place them
together side by side in different ways, some defining legal sequences, and some not. Words like

60di vergent 6, o6convergentod, 6éboundedd and Operio
students were abletosayd dondét Rivesgentombaasbwithout being made to feel overly
selfi conscious. What does O0divergentd mean? TricRy! What

A sequence is divergent if forall M, |Un| >Mfor all N > K for some K.

My class began to stick down tiles onto a poster to summarise our work. There was plenty of

debate about what counted as @onvergentéor @ivergentd Students asked if they could use spare
n-1

tiles from other groups, which | allowed. This makes Un = T possible as a sequence.

Level 2: Together we were able to draw up a table for the sequences weal found - could we fill the
cells using these tiles only?

Divergent Convergent Periodic Other
_ Always nn (N7 1) n Not possible Not possible
increasing
Always T n 1-n Not possible Not possible
decreasing
Oscillating (i n)" (i )"+ n (i 1" 2
OFI at Not possible Un = Uni1 Period 17? Not possible

T h e éC0erverderit example introduces the Level 2 Un-1tile. Can we have an @lways
increasingdyet doundedbsequence that®& not convergent? This activity raises deep questions.

Level 3: Adding in the Uni 1 and Uni 2 tiles can create interesting sequencesc al | ed OLynes
c y ¢ | Thesséquence defined by Un = ——— s periodic, period 3, for almost any choice of
n-1~n-2
u

starting values U1 and U2. The sequence defined by Un = is periodic, period 6, for almost

n-1
any choice of starting values U1 and U2.

Can you prove these statements using algebra?
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Level 4: What tile would | need to add to fill the gap marked ? above?
How about a 'last digiRo offi'l It itlhee? gNopu?d dHNBOW? aashto ud

Beyond our set of tiles, the ? gap can be filled by Un = nth digit after the decimal point in "

One of our posters | ooked I|ike this:

Contents ‘ www.risps.co.uk  |Jack o
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Risp 3: Notes

Suggested use: to introduce/consolidate/revise simple expanding/factorising

Skills included: use of algebra , including expanding brackets , and factorising a quadratic
proof and mathematical argument

Computing needs: nothing essential

Everyone who tries to write their own materials for their classroom develops a style. | often use the
idea of choosing three objects and then mixing them up in all possible ways within an expression
or equation.

ABC

A BAC

c BCA
= CAB
CBA

This generates a family of six problems, and if you can find a property that links the results, you
have a chance to set students plenty of practice at a particular skill whilst asking them to discover
this linking property. In other words, you have a 'minii theorem' for your students to discover.

For me this is so much better than getting your students to plough through exercise after exercise
with little overarching motivation. I@ say that it& the difference between working out alone at the
gym and taking part in some well-matched team game (although | do concede that some people
DO like to pump iron alone at the gym!)

This task worked well as a first-risp-of-the-A-Level-Maths-year. Students drifted into the lesson
over a period of half an hour as they were given their timetables. Using a risp is helpful in this
situation; incoming students join a working atmosphere, while there is no danger of the early
students running out of work. This risp required no introduction - everybody recognised that they
already had the skills required to get going.

Level 1: What would a typical attempt at this look like? Suppose | choose the numbers 2, 3and
4, creating six expressions to multiply out as below.

Level 2:
(x+ 2Xp( 3 X+=x2B 8
X+ 2XH( 8 X°+=xX4 6
(x+ 3XH( 2 X+=x0D 12
X+ 33X ( L X+=x2A#4 6
(Xx+ 4xH( 2 X°+= A8 8
X+ 4xp( BXP+=X8A 12
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Level 2/3: Adding the right-hand sides gives 18x% + 70X + 52, which factorises to
2(% + 26)(x + 1).

Will the rightd hand side always factorise with (X + 1) as a factor? This becomes a conjecture
that students can arrive at by comparing notes with their partners (always hoping for accurate
working).

There are a couple of helpful points for the teacher here:

1. If a student wants help with  factorizing, the teacher is aided by the fact that one of the
factors, t h(X t d)is fixed.

2. The teacher can use the factor theorem to detect student mistake s quickly. If presented
with 18x% + 70 + 48, then f(i 1)is not zero, so there @& been a mistake.

Level 4. For the general proof, algebra is needed.

(x + a)(bx + Q = bx?+ (ab + dx + ac
(x +a)(cx + b =cxt+ (ac + Bx + ab
(X + b)(ax + 9 = ax* + (ab + 9x + bc
(X +b)(cx + @ =cx2+ (bc + gx + ab
(x + d(ax + b =ax*+ (ac + hx + bc
(x + Q(bx + @ =bx?+ (bc + §x + ac

and so the total is
2@+b+9x?+2(@b+bc+ca+a+b+Hg+2(@b+ac+by
which factorises to
2((@a+b+9gx+(ab+ac+by(x+1).
An insight into this: (X + @)(bx + Q) + (x + @)(cx + b = (x + a)(b + ¢)(x + 1).
As theorems go, simple fare. But | think my students experienced this risp as a pleasing 'magic

trick’. There was definite surprise to find that everyone had (X + 1) as a factor. | could feel
curiosity building, something essential for mathematics to come alive.

2026 i Back to
Contents ‘www.rlsps.co.uk thie ook

79


http://www.risps.co.uk

RiI sp 4: Not es

Suggested use: to consolidate/revise functions (especially periodic functions)

Skills included: manipulating periodic functions,
the composition of functions and the transformation of graphs

deriving the graph of y = Kf(X) from the graph of y =f(X)
Computing needs: nothing essential

This activity includes $ ®&wvcenrsatlsrpwest®ifaue. mEhcadamd €x a
of..and anot heri.deanld fainrostthemet. .t a wor kshop | ¢

asked to think of two Oy méaehdesm omiht enr ap aii rf,f earnech cae
Wh awouy dd@For tmee first example came trivially e
for another case, I felt implicitly challenged
neway of | ooking hatt tmye cmoil grledadaggmheasv e f ound.

We then moved on to pai'r.Eoefs hnhembeusstdi 6hebeagn
di fficult i f yo®8?Cohmapnagrei ntgh en ontuensb earfatirdy weax alrap | eve
been of NareATf gwimi | e my partner had Bhomsden examp
(NT1).So t@emere than one way to skin a cat...

LeveMylstua:iaemetsupSiMﬂ(I@XSanH aXbs periodic functiol
i ntroxduUx]e oo, [Xhiese' the i Xt eg&hitpoaortsha wff unctli on |

LeveloBvert.:i

ng these intldd § unlce amihy avi ¢ iht oler s loid
hard. Graphics

calcul ators are a help with this

The®& emuch itsteast nart ur al Ffyorf rexmeoreiBh sgadk e ps e n steh ato

i iX)i s imemi oadPpee 1) () f2E O

Ion gr ateful t o |I|,éash aS hcoofrtsrtfeadnitoas kai mpegdr f ot @wo dvluah c t
the pe?iod be

Bob BurnTak«tumebXoyhef ) =1iXis ratibikals amd ak s o
fX)periodic?6 Hmmmé

LeveA Beriodic functfiXdn H s &pfnderXfadalh stohmetacTohnes t a n
period of a pfed)i ®di lte f@Gsmacthi etshtai wilhyrisuse .i s

The tihrepgertiyegeroghVenn dasgrwamyi soagenerate ri
wherever you have a set ohrdmaftfheermeantti caatlt roibh vetcetss

not possess. With younger <chil dr en vyaosu tchoeu | ,nda ipni
withe attributes "prime', 'even' anditbqobhdet .
studenyeu could have the attributes "oscillatin
For our current risp, .possible answers are belo
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all functions f(x) 1. x2

periodic 2.C0S X

3. 1/x

4. x+1

S. 2cos(x-1)

6. sin x

1. 2x

8. (2sin x)/(sin 1)

Di ffer entni aathheonnduciad i @y wietnlset)hi s exerci se. I
started, get them to constru(citn ANV se xcaarshe)&6 i Lrlo
Thiexammiuet sit in one -whitheoame@hWheagicohs$ ectir
the teachecallainntghesapsetnr onger students wuntil the
filled.

Levelfd4you add two periodic functions, dapgou a
surprising avasvke rCoiosk edNchée.l pfully sharedt hhhBsspt
undergraduate student s:

6Show ft{hat= X)C 0O+SX@Cc20)S (hnot periodic.o

Mark's sol utfi(0B:) X)Ftshdnpegvd r( a QaA nl oevgeu ayl waoy t o d
irratid7hality of

LevekVeb:anoihwirl ddébms psaen in the final section:
0Are the following statements always true,

Suppos@eyworking in a topic ar ea ibhoeorse tthhaetr ee vaer
wi || make at some stage. Véhtya gneo ta |lpountg stihdlees e oemmer o
statements, and ask students to s(ftkbbemthete
pur iositts twher evoul d argue with this approaché)

Here we have: 1. Canper(f(x) 3 g(x)) = per(f(x)) 3 per(g(x))?
Nower (Xt m)( 2ndiBBID60)
Howeviee XI([X] ) X3 s €= FB B0

Soli s someti mes true.
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2. Can per (kf(x)) =k per(f(x)) wherek| 20
Generally, for fal)()p,er k[[b)@ Ne( =ux)pleiron f (
We can seies tthkage Wiuft trhet aofestthe t i me.
So2is someti mes true.

3. Can per (f(x) + gx)) = per (f(x)) + per (9())?

Suppose Wefa()rwi pievrxh J dana@X)wi prerx) glo,whenanb
are positive whbXe mxdm® éperi PagneX)wi By )ga(+h?

This turns out to be an intriguingly tricky pro

To appreciate thye dgXjm (ugxbiieBAutdogwaph (using

Whent hiss pceurrivoedi ¢? And i f i-t is,A @hen is the pet

Addi ng tehe iincA i s a hel pPpamM@w vary

An observation

Si RNhbds per2od
Si RNh&s petrQadd
si R)( 5+ xphiaB (p6ed 6°Hd

=4 =8 =

So weadd pe dic functions together to ctrheaan e
t

either .of

For thepabrod, [ Jgp(eerx) 0 f + xp.er ( g

But é
fX) = xphiaB (p=/r2o0d
g X = xplisn (RBGh &s p e 6°0d

anfix) % gf xpwhn ¢ hasb Period
so hpeerx] f &) Jop(e<rx) 0 f (+ xprr (g
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So suredly bbesemeemheaen imher e

perx) (&) )gp(erx) 0f ¢ xpr? (9

This is |l eft open as a question for you to expl
This activity | eaves me musingeé
1T The questions above arise naturally, yet wil
T Some of these questions are hard; does this
1 Are the harder questions included here more for the pleasure of the teacher
than to address the needs of the students?
1 Could this be an example of 'teacher lust' in action?
Enacted teacher |l ust [ Mary Boolebds concept] i s
away an opportunity for students to think about
Andrew Michael Tyminski
Every teacher should ask themselves these thing
2026 ; Back to
Contents ‘www.rlsps.co.uk ookt
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Risp 5: Notes

Suggested use: to revise coordinate geometry

Skills included: coordinate geometry of straight lines and parabolas
simultaneous equations:  solving a line and a curve
simple differentiation , equal roots for a quadratic equation, constructing a logical argument
simple differentiation

Computing needs: access to a graphing program required

One of the crucial things in setting a risp is to pick the right time in the year. Will your students
have the maturity to tackle this now? How much prior knowledge do you want your students to
have? For this risp | chose a set of students nearly two terms through their first year of A Level.
They were comfortable with coordinate geometry, theya@ covered simple differentiation, and they
could succeed in solving some quite hard sets of simultaneous equations. This risp turned into a
chance to practice all of these skills, as well as those of sound logical reasoning.

Level 1/2/3:

o (p’ q)

y=kx

Our conjecture becomes, after trying several values for @, that K = 2a.

Level 4: We need to know this fact:

Two curves Y = f(X) and ¥ = g(X) touch at (P, Q)if and only if

1.f(p) =9P) =19
2. fi(p) = gi(p)

Using this, (P, 0) is on the curve, which gives g = [ + &.

(p, 0 is on'y = kXwhich gives g = Kp.
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The gradient of the curve at Piis K, which gives K = 2p, so g =2p? and p?> = &, so p = a.

Note thata, k and p are all positive.Thus g = 2a2, and so k = 2a.
Level 5: We also have that the point of contact is (P, CD = (a, 2a°).

The other way to see all this is by saying Y = kX and y = X + & must give equal roots when
solved together.

Level 6: To demonstrate this method on the second problem (where K could be negative):
Solving y = kXand y = X+ bx + & together,
kx =x2+bx + &, sox?+ (b7 K)x+a&=0
Equal roots mean the discriminant is O
v (bik2=4a2y bik=x2a v k=bt2a
Everyone in the group was able to spot the first relation (k = 2a) by experiment, and most were
able to find the second (K = b £2a) with a little help. Justifying this was a good exercise.

Where are the touching points? We have for Level 6:

(b+2a)x =x2+bx + &Y (a (2a+ b)a) and
(bi 2a)x=x>+bx+ &Y (ia (2ai b)a)

which yields the points we seek. So if, for example, & =1 2, b =5, the touching points are

(2,18)whenk =9, and (1 2,12) when k = 1.

When | have a bad day with a risp, when students do not warm to an activity as |@ hoped, when
they complain that 1an asking too much of them, | sometimes doubt this whole project. When that
happens, | think back to trying this particular task and | remember why 1én doing this.

Sitting in pairs at computers running Autograph, my students became engrossed as the room
gradually fell silent. There was an intensity as they worked, a blessed atmosphere in which they
forgot that | was in the room. For half an hour the maths was everything. Then the chance came to
put together what had been learnt and to build upon it.

At the end of the lesson, one student stayed behind to express how good it had felt. So it wasn't
just me...
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Risp 6: Notes

Suggested use: to revise ideas of polynomials and their curves

Skills included: basic algebra, including expanding brackets,
knowing how to solve an equation graphically
knowing how to sketch the graphs of polynomial functions,
especially in factorised form

knowing how to sketch the curve of 'y =f(X) + agiven the curve y =f(X)
Computing needs: access to a graphing program required

I&ve changed this risp a great deal since | first wrote it. Each time | tried the original with students,
the logic of the activity felt uneasy. The task was too linear - there was not enough preliminary
'messing about'. | was being too prescriptive 1 d&e something in mind | wish you to discover, and
whether you like it or not, you WILL discover it.0

| think this revised approach is much more rispy. It starts with students playing on a computer: the
teacher is not the centre of attention, and the initial task is to get the screen to look a certain way,

which is accessible to everyone.

Level 1:
0471

a=0.0448

021 ~1.0358
ey
0.2 | ] )

b=0.2694

p=108,9g=2.7,r=0.1

@) Equation 1: y=8x>-10.8x2+2.7x-0.1

Here we have an example of P, Q, I, 4, band C all being positive.

Level 2: So the cuboid has sides of length 0.0896 cm, 0.5388 crind 2.0716 cmyhich
gives:

V=0.100cm3(=r), S=2.700cm? (= ), and E =10.80cm (= p) (3d.p.)
Surely a mathemagical trick to impress any student, however sceptical.
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Level 3: Does this always work? If the equation 8x3T px2+ gxT r = Ohas roots @, band C,
JL I JL AL L >
thensF 4 “PEA I TFF h:|=‘H‘

Not strictly on the A Level syllabus maybe, but easily shown. Our cuboid with sides 2a, 2band
2Chas

T JL ’F]
{ = iLr r + ah
F 1 Jl

So we can write 8X31T px?+ qXT r=0as 8x31 Ex?+ Sxi V =0,

where E, Sand V are the edgei length, surface area and volume
of our cuboid with sides 2a, 2b and 2C.

Level 4: Now we can turn the problem around. If E is 10 cmand Sis 3 CM2we have the graph

y =8x3T 10x2 + 3x T V. Suppose we choose V = 0.2 cm3to start with:

0-2 +

N
/ 0.2
_7

. Equation 1: y=8x3*-10x2+3x-v

To maximise V we need to increase the value 0.2 which will lower the curve, until we only just
have three real solutions, that is, until the curve touches the Xi axis.

0271

A
\

\VV

’i Equation 1: y=8x>-10x2+3x-v
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This gives a maximum value for V of 0.264 cm3when the sides are 0.392 cm (twice) and
1.7152cm.

Check: 0.39223 1.7152 =0.264(3 d.p.)
2(0.3922+ 2% 0.3922% 1.7152)  =2.998(3 d.p.)
4(23 0.3922+ 1.7152) = 9.998(3 d.p.)

Level 5: On the other hand when we lift the curve by decreasing V, V takes a minimum value of O
CmM3when the sidesare 1 cm, 1.5 cnand O cMand our cuboid is degenerate.

An alternative for Levels 4/5 : If you have a 3D graphing program available to you, you can draw
4(x +y +2 =10 and 2(Xy + yz + zX= 3, and then add Xyz = K

When is K a maximum/minimum if for X, Y, Z >0 we still have an intersection point?

[ Equation 1: 4(x+y+2)=10
@ Equation 2: 2(xy+yz+zx)=3

(@ Equation 3: xyz=k

2026 Back to
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Risp 7: Notes

Suggested use: to introduce the idea of implicit differentiation
numerical methods and iteration

Skills included: arithmetic progressions,
implicit differentiation, rearrangement method for solving equations

Computing needs: access to a graphing program required

Volume, surface area and total edge length, and the ways in which they can be connected, are
something of a leitmotif in my risps. They seem a natural thing to calculate when faced with a solid
with polygonal faces, and the way you come across something linear, quadratic and then cubic in
turn is often helpful. Consider the following beautifully simple and rich question:

< <

There are six ways to place V, Sand E into the boxes above (no repeats!).
Can you find a cube that satisfies each order?
What about a cuboid?

(With thanks to Rachel Bolton.)
Level 1: Three numbers @, band C are in arithmetic progression if and only if
they can be written as @, a + d, a +2d for some d.
Now note that & + (a +2d) = 2(a + 0.

So &, band Care in arithmetic progression ifand onlyifa + C =2b.
Level 2/3: | watched some useful preliminary work from my students. Certainly
E=12x+12y, S=6x>+6y% V =X+
Some students used Level 1 to arrive at the fact that one of:

12X + 12y +6x2 + 6y? = 2x3 + 2y3
BX% + B6Yy? + X° + V¥ = 24X + 24y
12X + 12y + 3 + Y = 122 + 12y

must be true. Beyond this? Time to introduce a graphing package, one with a facility for drawing
implicitly defined functions.

An implicitly defined functionin X and Y is one where it is hard
to make (for example) Y the subject in an equation linking Xand Y.
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For example, it is hard to make Y (or X) the subject here:
12x + 12y +6x2% + 6y? = 2x3 + 2y°.

What would the graph of 12X + 12y + 6x2 + 6y? = 2x3 + 2y3look like? | would defy anyone
to sketch this without computer help, although it would be worth noting that we do expect a graph

that is symmetrical iny = X

[ Equation 1: 12x + 12y + Bx2 + ByA2 = 2xA3 + 2y*3

My students reacted with delight to this, as something unexpected and offbeat. (This is in fact an
example of an elliptic curve.) The graphing package has to work a bit harder with implicitly defined
curves, so there may be some fairly approximate plotting in places.

Which area of the diagram are we interested in? My students quickly saw that this must be the first

quadrant; X and Y must be positive. Is there a clear maximum for Y in the first quadrant? We can
see that there is. But might the other equations yield something larger?

Adding the graph of 6X? + 6y + X3 + Y3 = 24X + 24y gives the following:

10

-12

B Equation 1: 12x + 12y + 6xA2 + ByA2 = 2x*3 + 2y*3
@ Eauation 2: 6xA2 + Byr2 + xA3 + yA3 = 24x + 24y
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So another maximum for Y in the first quadrant here, but not a larger one.

We can now add the third curve, 12X + 12y + X2 + y3 = 12x% + 12y, (¥)

[ Equation 2: 6x"2 + ByA2 + xA3 + yA3 = 24x + 24y
[FT] Equation 3: 12x + 12y + xA3 + yA3 = 12xA2 + 12yA2

Now we have TWO maximum points for Y in the first quadrant, one large, one small: the purple
arrow shows us the one we seek. We can home in this, but the rather grainy plotting of this implicit
graph may limit the accuracy we can obtain (fortunately we@e heading towards finding an

arbitrarily accurate solution by differentiating). By zooming in we arrive at approximately 12.1...
fory and 7.46.. .for X.

How could we differentiate to find this maximum point? Perhaps wede never tried to find Y' in a
case like this, where we cannot easily make Y the subject. A perfect opportunity to introduce

implicit differentiation.

Implicit differentiation example : differentiate the equation below with respect to X to find dy/dx

2xy + VP + 1=3x2 + y?

. m, m,
Note that g, He m, W, He  8ro differentiate Xy we need to use the product rule.
« u (| p ° ‘- (| - . (| ® ¢« (
[ L [ ] L [ o ( )

Note that the right -hand side is a mixture of functions of X and functions of Y.

Differentiating 12X + 12y + X3 + y3 = 12x? + 12y? implicitly we arrive at ¢
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Soy' =0ifx?T 8X+4=0, or X = 7.464...or 0.5358...

We can see the two Yi maxima for these Xi values on the graph. The X we seek is
4 + al2 artofifd.thedcddredponding Vi value, we substitute back into * getting:

y3=12y27 12y + 163.138...

A chance now to bring in numerical methods and iterative ways to find a solution to a tricky
equation. Sometimes a helpful iteration is hard to find, but happily here the obvious rearrangement
yields us the root, perhaps by using the ANS button on our calculators:

y=33 ( $?R12y+ 163.138...)

starting with Y = 10 tends to y = 12.1204...and we end up with
a value for X of 7.46(2d.p.) and for yof 12.12(2d.p.)

An extra question: are there rational solutions for X and Y so that V/, E and Sin some order are in
arithmetic progression?

The term 'scaffolding' was introduced into educational literature by Wood, Bruner and Ross in
1976. The connotations are of support while building is in progress, but with the obvious rider that
the support is intended to be temporary. Here | found that although a lot of scaffolding was
necessary at the start, it could be swiftly dismantled.

This risp uses the fact that motivated theory is remembered theory. The cube problem carried my
group along to the point where the idea that we would need the maximum of an implicitly defined
function seemed natural. They were then able to approach more prosaic questions with
equanimity.

2026 : Back
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Risp 8: Notes

Suggested use: to consolidate/revise simultaneous equations
Skills included: proof , mathematical language and argument

Computing needs: nothing essential
Excel or graphics calculators to supply swift simultaneous equation solving is a help.

Feedback suggests that out of the forty , this is the most popular risp !

Level 1/2: Suppose a student chooses the simplest possible set of six numbers from an arithmetic
sequence, 1, 2, 3, 4, &nd 6. These generate:

X+2y=3
4x + 5y =6

Note that the student has created this example for themselves, which adds a real motivation to

solve it. The solutionis X =T 1, Y =2. Teacher time at this point should be devoted to the
stragglers: can you solve these equations? What happens if we interpret these as graphs? What if

we make these equations even simpler? Taking 1 2,11, O, 1, Zand 3 as your terms generates:
12x1Ty=0
X+2y =3

Once again we get the solution X =1 1, Y =2. The truth begins to dawn that building a pair of
simultaneous equations in this way always gives you ('I' 1, 2)as a solution.

Often the problem with improvised simultaneous equations is that they have nasty solutions.

Students get bogged down with fractions, and the intended techniques get lost. Here you can have
huge numbers, and stretch equationi solving powers to the limit, safe in the knowledge that the

answer will be a clean (T 1, 2)every time.

Level 3: Meanwhile the stronger students will have been turning to algebra. (This activity really
does differentiate itself nicely.)

ax+(a+dy=a+2d
(a +3d)x + (a +4d)y = a +5d

Subtracting, we get 3dX + 3dy =3d,sox +y =1.
Thusy =11 X and substituting back into the first equation gives X =11, y =2.

So we have that choosing coefficients in this way gives a solution of (I 1, 2).Is the converse
true? No, since the pair of equations
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4X + 5y =6
8X + 7y =6

have the solution (1 1, 2)too.
A little revision gives this minii theorem:
The solution to the two equations {(¢1, 2)if and only if
the first three coefficientsre in arithmetic progressio®ND
the second threare also in arithmetic progression.

Why is this true? It is easy to see that whatever a and d are, the point ('I' 1, 2)Wi|l always lie on
the straight line

ax +(a+ dy = a +2d.
Similarly whatever b and eare, (1 1, 2) will always lie on the straight line
bx + (b + ey =b+ 2e,

Thus the intersection of these two lines must be (T 1, 2),which must always be the solution to the
pair of simultaneous equations.

There are all sorts of extensions to this work. Picking coefficients from the Fibonacci sequence

always gives the answer (1, 1), for fairly clear reasons. Why not look at simultaneous equations
in three variables? (If students want to do this, they will appreciate the use of calculator/computer
help to do the donkey work for them.)

This task was written up in ~ Mathematics Teaching, No 168, pg 10, Sept 1999
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Risp 9: Notes

Suggested use: to consolidate/revise ideas of circles in coordinate geometry

Skills included: the equation of a circle
the midpoint of two points, and the distance between two points

Computing needs: Geogebra file risp -9.ggb available at www.risps.co.uk

This activity is a good example of how risp creation might take place. Suppose you&e covered
circles in coordinate geometry, and youd like to consolidate the work. You look for a question:
how about,

What is the equation of the circle
with A =(p, 9 and B =(q, 1) as end points on a diameter?

To answer this we need to find the midpoint of AB (a handy bit of revision) and then the distance

from here to either A or B to get the radius (again a vital skill). Now we can construct the equation
of the circle (more good practice) which finally simplifies to:

X2+ VT (p+gxT (r+9y+pqg+rs=0. wevels)
Now it might occur to us that if we choose P =1 I'S the circle will go through the origin.

Can we use this fact at the start of the activity, in the manner of a magician picking cards? Now we
have a risp. By turning the question around (‘rispifying' it), we ask our students to practice the
same skills that we did in its construction, but this time with something to discover.

Level 1/2/3: So for our example with (P, S) = (4,6), (4, t) = (3,1 2) we have (3.5, 2)as the

n . .
midpoint, and —— as the radius, which gives us the equation X*> + Y? T 7X T 4y = 0. Geogebra
helps us verify what we&e worked out by hand.

© A-G59 A
A
©® B=(-2) e
3 c

f = Segment(B, A)
@

= 8.06 4

C = Midpoint(A, B) : 3
@

= (3.5,2) 1 C

c: Circle(C, A)
@) 1

= (x-35)2+ (y-2)?=16.25

+ Input... -2 -1 0 1 2 3 4 5 6 8 9
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When | tried this with my students they enjoyed the sense of purpose the activity has. They were,
however, surprisingly slow to spot what made their circles special, which led to my advice in the
task about comparing with others.

They also became confused with my notation; initially | used (&, ) and (C, ) as diameter

endpoints, which became mixed up with the centre (a, b) in the standard formula for the equation
of a circle.

My stronger students did begin to experiment with algebra and the general case. When |

presented this to my group, | felt it would be too much to go through this generality with everyone,
although the work does simplify nicely i if your group has a liking for algebra, then why not risk it?

Once again, Geogebra is a great help in confirming what& going on. Varying a, Pand Sin the
below sees the circle passing through the origin for all values.

O

@

@

p=14 Y
-5 ) 5 ®
s= 0.6
-5 [ 5 ®
A= (p s)

= (1.4, 0.6)

a=31
-5 o 5 ®
B

C:

- ()

(2.21,-5.17)

= Segment(B, A)

5.82

= Midpoint(B, A)

(1.81, -2.28)

Circle(C, A)

(x- 1.81) + (y + 2.28)2 = 8.48

We might notice that the circle with diameter (P, S) to (g, t) is the same as the circle with

diameter (P, 0)t0(Q, 9.1 t 6 s

good to go back to

t he

ss.artin

Jamie, a student from Stowe school, sent in some delightful work on this risp that can be viewed

here.
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Risp 10: Notes

Suggested use: to consolidate/revise ideas about anything!
Skills included: lines in coordinate geometry, quadratic equations é
Computing needs: nothing essential

| 6ve al r e adheusefeiness ofa Nemmdiagram as a risp (see Risp 4). | revisit the
subject now because their penetrating nature has recently impressed itself upon me more and
more. To be able to fill in an eighti region diagram shows a really deep understanding of the
distinctions that a stronger student has to be able to make, while the less confident student finds a
picture such as this much less threatening than a page of exercises.

d can't think of a way to start... 6
On the quadratic equation diagram, let's say...
Qlust write down any quadratic equation, any at all. 0
Even the least confident student should be able to manage this...
dNow, where do you think it goes  on your diagram ?06

Once again the fact that the student has thought up their own mathematical object gives them a
motivation to place it properly. And it must go somewhere! They must have written down a correct
answer, if only they can correctly divine the nature of its correctness.

| reflect too on how simple this risp is for the teacher. No photocopying, no instructions to
decipher, no cutting up: just draw a box and three circles on the board with three properties
attached, and you@e away. Risps that dond sympathise with the realities of a teacher's existence
will never get used. | sometimes trial new maths materials and my heart sinks as another slab of
dense documentation flops through my letterbox. Materials for the classroom should be completely
intuitive, virtually running themselves. If 1an in an uncharitable mood, | conjecture those who write
these materials and their paperwork have remarkably short memories over what the classroom
actually feels like.

There® sometimes too (only sometimes!) a feeling on the part of some writers that a teacher
should deliver the lesson in exactly the way that they, the writer, imagined it. With my risp
materials the reverse is true: | invite you to customise, customise, customise. | offer no party line
that | ask you to toe. | hope youd improve on my ideas, and | look forward to enjoying such
improvements. | wave goodbye to my risps as | publish them as if they are teenagers eager to
leave home.

As regards the particular Venn diagrams that make up this risp, possible solutions are below.
Sometimes regions are impossible and discussing the reasons why can make for excellent

understanding. Region8 (i t 6s good pr ac tegionmel to Dthesdme way forebch b e |
of these Venn diagrams) is often unique, while Region 1 will usually contain lots of possibilities.
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All pairs of lines y=mix+c, y=mx+c2

meet at (2, 1) are perpendicular

one of the gradients is 3

1.y=Xxy=2
2.y=xXT1 1,y=2T1 3
3.y=XYy=1x
4.y=3X,y=X
5.y=3T15y=xT1
6.y=x11y=1x+3
7.y=3X,y =ix/3
8.y=3x15,y=1x/3+5/3

All quadratic equations x?>+bx+c=0

c=4 h=4

&

has equal roots

1. (xT 4)(xT 5 =0
2. (xT 1)(xT 4 =0
3.(x+3)(x+1)=0
4. (X7 7)>=0
5.x1 272=0
6. Impossible
7.Impossible
8.x+2y=0

It's possible to leave all the above in unfactorized form.
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For the second diagram, we have equal roots if and only if b? = 4c.Thusitbis 4, C must also be
4, so region 7 is impossible. If Cis 4, however, b could be T 4, and so region 5 is possible.

| deas f oriroetghieorn eViegolmt di agr ams ?

Overall description: all circles (X T @)2+ (YT b)? = r?
Property 1: circle goes through (3, 0)

Property 2: circle goes through (i 3, 0)

Property 3: b=4

Overall description: all quadratic expressions ax’+ bx + ¢
Property 1: remainder 1 when dividedby X + 1

Property 2: X1 lisa factor

Property 3: X 1 2 is a factor

Overall description: all binary operations on the set of real numbers excluding 0
Property 1: commutative

Property 2: associative

Property 3: closed

Tricky! Is every region possible here?

And the list goes on...
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Risp 11: Notes

Suggested use: to consolidate the remainder/ factor theorems
Skills include: factori sing, proving

Computing needs: Excel file risp -11.xIsm available at www.risps.co.uk

Sometimes less is more with risps. The activity above is simple, yet it proved happily effective with
my first year A Level students. This starter provides good practice in the use of the remainder
theorem with proving a conjecture as once again a motivating endpoint.

| know there® something of a debate currently over the inclusion or exclusion of the remainder
theorem from the Maths A Level syllabus; I@ say as a remainder theorem fan that every serious A
Level student should meet it somewhere on their course. Viewing the final result for this risp as a

0 t h e amightimdscorned as lofty, yet the proof of the remainder theorem itself can look fairly
trivial at times, while it remains, | think, surprisingly useful.

Level 1: Suppose a student chooses 31 and 19 as their integers (the exercise will work with
numbers that are close together, but if they are too close it is harder to work out exactly what®
happeni ng) heythentpioksC & Xy 1 as their polynomial.

Level 2: Dividing by ( x i 31) gives a remainder of 31 3+ 31171 1, or 29821.

Students can be encouraged to work with some largish numbers here, which increases the drama.

Dividing by ( x 7 19) gives a remainder of 19 3+ 197 1 or 6877.
Level 3: So Ral Ro=22944, ai b=12, and %5;44 = 1912 exactly.

Do we always get an exact division with no remainder? Students can compare notes on this and
may well then wonder how to show this natural conjecture is true. It is easiest here to start with the
general quadratic as the chosen polynomial.

Starting with  px2 + gx + r =f(x),
the remainder on dividing ~ f(x) by (xi a)is pa® + ga + T,
and the remainder on dividing f(X) by (X7 b)ispl?+ gb + .
SoRaT Ro=p(@®i b + qg(ai b) =(ai b)(pa + pb + .
So when f(X) is a quadratic , (a1 b) is a factor of RaT Ru.

When we do the subtraction, wedredd®itags. t o

So surely the division will be exact
100
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ifal balways divides exactly into @" T b" for all positive integers N.
s (@i b)afactorofa®i b3 of a1 b* For higher n?
One of the pleasing things about this risp is that the fact thata i b | a" T b"
(note: P | g means P divides Q)

is simply a consequence of the factor theorem; @ | bis zero when @ = b, and putting a = binto
a" i b"gives zero, so @i b must be a factor of 8" T b". There® a sense of coming full circle.

An aside: will the terms akb' in any factors of 8" I b" always have coefficients of 1 or T 1?
For example, 8241 b3 = (a+ b ? (a1 b)?

(al® + al%h + a%p? + al%® + al%* + allp® + al%h® + a¥b’ + afb® + ah®+ ahlO+ ahll + a¥ht?+ a¥bld + &bt + al's + bif) 3

(a®i a®b + ap?i a¥p + al%* T alb® + a1 a’h’ + &bt i a’b® + a%hl0T ab't + ah'?i ahld+ a?b'4i abk®+ blf).
T h at 63kb t&nds in the four brackets, all with coefficient 1 or T 1.

But try putting al% b'%®into a computer algebra package and asking for its factorisation...

Sometimes the first counterexample to a conjecture is some distance down the line.
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Risp 12: Notes

Suggested use: to consolidate/revise algebra

Skills include d: changing the subject , graphical solution of equations
simultaneous equations , solving a quadratic , manipulating surds

Computing needs: nothing essential, a graphing program is useful.
Puzzles are all the rage. Buy a weekend paper, and a good percentage of the newsprint will be
taken up with them (although we all know some problems will be more elegant to a mathematician
than others). The students we teach are all able to appreciate a tasty conundrum, and indeed,
what better way to invite them into mathematical conversations? For the teacher pressed for time,
however, the difficulty is that seldom do puzzles of the popular type lead directly into syllabus
concerns. The above puzzle tries to buck this trend by supplying a demanding algebraic workout
that would be a genuine help to students studying A Level mathematics.

How might we start here? Students sometimes lose confidence in the face of a novel question
such as this. How many possibly equal pairs are there?

It looks as if there might be °C2 = 15 possible equations, leading on to (°C2 3 4C)/2 = 45
pairs of equations.

The idea of checking out 45 possibilities might make even the keenest mathematician's heart sink.
But the good news is we can start to rule out lots of these quickly.

Immediately we can see that X T Y is the only one of the six numbers that is negative, so it cannot
be in a pair.

Can X + Y = Y X? This gives X = 0O, which is not allowed.
Can XYy = X/y? This implies Y = %1, which again is a contradiction.
Similarly for Xy = Yy/X.

Can Y/X = X/y? Again, the contradiction is clear.

So the five remaining numbers fall into two groups,
{x +vy, yI x}and{xy, xly, y/%.
The first repeat must be X + Y= one of the second set,

and the second repeat must be Y I X = another one of the second set,

so we have narrowed things down to six possible equations.
What if X + Y = Xy? X + VYis bigger than X, while XY is smaller than X. Another contradiction.
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Andif YT X = Y/X,we have the problem that Y T X is less than 1, while y/X > 1.
So we end up with just four equations that might be true:
1.X+y=xly,2.x+y=Vy/X,3.yT X=Xy,and 4.y X = Xl/y.
Much less daunting than the fifteen we started out with.

Where to now? We could bring in our graphing package to draw these four curves. (Asking

students to first change the subject to either X or Y in each case provides a chance for some more
excellent practice.)

What kind of crossing points are we looking for? We must have two of the curves intersecting
strictly inside the green region:

y=4xX
1
1
This is the scenario your package should draw:
V|

— [ Equation 1: x+y=x/y
@ Equation 2: x+y=y/x
. Equation 3: y-x=xy
- Equation 4: y—x=x/y

-0.2

The red and the green curves are the only two to meet in our required region, giving
« .. X
x+y:x/y(orx:—‘) and Y x:xy(ory:n :
Solving these together as simultaneous equations gives 2X2 T 4x + 1 = 0.
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J2 o~
Thusx:1-7( = 0 .adP=3 éx)2 (

0.4146)

If your students are not completely algebraed out by this stage, they can put these answers back

into X + Y, Xy, X/Y, Y/X, X Yand YT X, and check that they do indeed give two repeats. This
is excellent surd practice.

Another approach to this risp is to map out on a single diagram the ranges that the six initial
numbers might fall into.

WX

We end up with just three possible combinations to explore:

a.x+ty=yxy-x=Xxy
bh.x+y=ypXx,y-x=x/
C.Xty=x/),y-x=xp
Multiplying the two equations in @. gives Y2 T X2 = Y2 (contradiction).
Doing the same for D. gives Y2 T X2 = 1 (contradiction).
Which leaves C. as the only viable option, yielding our unique numbers as above.

What syllabus areas have we covered here? Changing the subject of a formula, the graphical

solution of equations, simultaneous equations, solving a quadratic, manipulating surds, the notion

of proof... not bad for one lesson. Maybe if the occasional exam question was a little more like this,
wedd feel freer to spend more ti me daskregmresour ag.i

Strange fact : what are the sides of a right 1 angled isosceles triangle of perimeter 1?

J2

If the sides are X, X and Y, then X = 1- DR andy= a?xX

2026 i Back to
Contents ‘www.nsps.co.uk v
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Risp 13: Notes

Suggested use: to consolidate/revise the integration of X"

Skills included: definite integrals
computing help on numerical integration including possibly the Trapezium Rule

Computing needs: Excel file risp-13.xIsm available at www.risps.co.uk
access to a graphing program that includes area calculation is required

~. N .
This risp assumes that students have met the rule for finding IT( dx forallN notequalto 1 1,
and the idea that the area under a curve can be written as a definite integral.

Level 1. The risp starts by exploring the ubiquity of the number € in mathematics. Three very
different situations in which the same number miraculously appears each time. The Excel file
supplied allows investigation of the addingi randomi numbers fact, which is surprisingly little
known.

Level 2/3/4: Your students can construct a table of values for N with their corresponding values of
K. Drawing up this table can take a lot of time unless you use the constant controller/slider to find
K. The following instructions apply to Autograph:

Select the curve, right click, and you have the Enter Point on Curve option available to you. Put

two points on the curve, one at X = Oand one at X = K. Select the two points, then use the Area
option which you will find under Create on righti clicking. Which approximate integration rule do
you want? How many divisions is appropriate? Now adjust K as required with the constant
controller/slider.

=
Options bl =L B -] =143 Step: 0.001

. Equation 1: y=x*

The final table might look like this (to 3 d.p.):
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